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Vorwort der HerausgeberUnter dem Titel �DILEMMATA� ersheinen die Jahrbüher der �AltonaerStiftung für philosophishe Grundlagenforshung� (ASFPG), von denenwir hiermit den 1. Jahrgang vorlegen.Die ASFPG widmet sih satzungsgemäÿ der interdisziplinären Grund-lagenforshung in den Bereihen Logik, Epistemologie, Mathematik,Metaphysik, angewandter Ethik und Reht. �Interdisziplinär� bedeutetdabei vor allem, daÿ der Trennung von Natur- und Geisteswissenshaftenentgegen gearbeitet werden soll. Die ASFPG versuht bewuÿt, sih vonakademisher Kleinstaaterei abzusetzen.Die Arbeit der Stiftung ist auf drei Zentren verteilt, ein Entwik-lungszentrum für spekulative Logik, ein Zentrum für Rehtstheorie, undein Zentrum für Umwelt- und Tehnologie Ethik. Diese Dreiteilung reprä-sentiert die Arbeitsgebiete der drei Vorstandsmitglieder der ASFPG, diesih hier, in diesem ersten Jahrbuh, mit ihren Beiträgen vorstellen.Das Jahrbuh der Altonaer Stiftung für philosophishe Grundlagen-forshung soll einen Einblik in die Arbeit der Stiftung geben. Neben Bei-trägen der Vorstandsmitglieder sollen in Zukunft auh Arbeiten, die imRahmen des Stiftungszweks und/oder mit Geldern der Stiftung erstelltwurden, im Jahrbuh verö�entliht werden. Der Vorstand der ASFPGUwe PetersenValerie KerruishMatthias Kaiser
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De�ning the Preautionary Priniple:Unertainties and Values in Siene for PoliyMatthias Kaiser ∗

The Frenh aristorat, philosopher, sientist and statesman Condoret wasperhaps one of the earliest and strongest protagonists of the belief inprogress writ large. In his last book Sketh for a Historial Pitureof the Progress of the Human Mind (1795) he lays down his opti-misti vision of the progress of man, both past and future. The book waswritten under great strain while already in hiding from the Revolution thatCondoret one supported and that now had turned against him. In the endhe asks the question (that later Malthus is asking as well) whether inreasedwelfare and improved health of man will lead to largely inreased popula-tions � and, if population inreases, will not neessarily there be a timewhen the number of people has outgrown the natural resoures that naturean supply? And is it not reasonable to assume that when resoures beomesare, then there will be �ght for the resoures, war between people, justthe opposite of his vision of progress? Condoret has two answers in stokto this hallenge.Firstly, nobody ould laim that suh a time is imminent (written in 1794),it is assumedly far into the future. And nobody an know what tehnolog-ial progress might have ahieved at that time. Tehnology might have theanswer in store. This is Condoret's tehnology-�x argument. Seondly, heargues that one humankind has progressed that far by means of knowledgeand tehnology, one must assume that also people's ethis and morality hasprogressed alongside reason. And then it must be lear that our moral dutyis not to make sure that unborn life is born, but that those that are born areseured a life in reasonable welfare, dignity and happiness. For Condoret,the progress of knowledge and tehnology is unthinkable without implying aparallel progress of human morality. This is Condoret's ethis argument.
∗ Parts of this paper are based on previously published work and taken fromKaiser (2003, 2004, 2005). Other parts are taken from the preparations to the reportUNESCO/COMEST 2005, in whih the author was involved as hair of the expertgroup. 1



2 matthias kaiserYet, it is preisely this oupling of sienti�/tehnologial progress with amatured sense of morality and ethis that is questioned by many peopleat end of the 20th and the brink of the 21st entury, two-hundred yearsafter Condoret. People ask whether tehnology is out of ontrol, a run-away train without steering and aim. And people ask whether our sieneno longer feels a ommitment to serve the publi good but has beome theservant of powerful interests, bene�ting only a few and risking the harmof many? Have we developed the right moral attitudes and instruments tomanage the risks that siene and tehnology produes? Has innovation lostsight of solidarity and negleted the hallenge of soially desirable ends?For a long time sienti� progress was seen as exlusively being in-debted to so-alled epistemi values, i.e. inreasing our knowledge aboutthe world. Siene as suh was deemed to be essentially value-free. Butsiene and the tehnology following it has hanged our life-world in manyways, more rapidly than ever before in history. This has given rise to newquestions and hallenges.The belief in soial progress reahed its peak some time during the19thentury, arguably most vividly expressed in the 1851 world exhibitionin London and the building ereted for this purpose: the Crystal Palae.But it did not last. The sinking of the Titani in 1912 was a foreboding ofthe limits of tehnologial ontrol. Gas warfare during WWI sent a signalthat siene not only has the apaity to produe inhuman tehnology,it also showed that suh tehnology will be used. The atom-bombs thatwere released over Hiroshima and Nagasaki at the end of WWII were theresult of intense sienti� researh (the �Manhattan projet�) and theyraised the same worry: will siene and tehnology turn out to be more ofa threat to humanity than a blessing? When the book by Rahel CarlsonSilent Spring ame out during the 1960's it apparently doumented howwhat was originally pereived as sienti� breakthroughs later turned outto be a big environmental problem. This was the Janus-fae of sienti�progress: every bene�t that resulted from siene and tehnology seemedto be oupled to the downside of produing new problems as unintendedside-e�ets. The belief in progress was shattered or at least pereivedwith ambiguity. In the mind of the publi, inluding some of the politialdeision makers, something needed to be done to orret these negativeonsequenes of siene and tehnology.Two things resulted from this:



DEFINING THE PRECAUTIONARY PRINCIPLE 31. a all for more ethial responsibility in siene and tehnology2. a new generation of environmental regimes that aimed at ontrol-ling or managing the onsequenes of human interation with theenvironment.In the following I shall make the laim that the elebrated Preau-tionary Priniple (hereafter abbreviated as PP) an be understood asombining these two trends. I shall try to elaborate what the PP is, whatit implies and how it is justi�ed.Caring for the environment by di�erent regimesThe early stages of national and international environmental poliies anbe haraterised by a urative model of our natural environment: with in-reased environmental impats of growing populations and industrialisa-tion, the environment ould no longer ure itself; it should thus be helpedto repair the damage in�ited upon it by human ativities. For reasonsof equity and feasibility governments sought to apportion the eonomiosts of suh intervention by requiring polluters to pay the ost of pollu-tion. It soon beame apparent, however, that this Polluter Pays Priniplewas pratiable only if aompanied by a preventive poliy, intended tolimit reparation to what ould be ompensated. This `prevention is bet-ter than ure' model marks the seond stage of governmental ation forenvironmental protetion. This stage was haraterised by the idea thatrisks are known and quanti�able, and the Prevention Priniple guidedpoliy making. This was the heyday of quantitative risk assessment andrisk-ost-bene�ts analyses. The emergene of inreasingly unpreditable,unertain, and unquanti�able but possibly atastrophi risks suh as thoseassoiated with GMOs, limati hange et., has onfronted soieties withthe need to develop an additional third, antiipatory regime to protethumans and the environment against unantiipated risks of (new) teh-nologies: the Preautionary Priniple or `better safe than sorry' model.The emergene of the PP has marked a paradigmati shift from a pos-teriori ontrol (ivil liability as a urative tool) to the level of a prioriontrol (antiipatory measures) of risks (de Sadeleer, 2002).Over the past deades, the PP has beome an underlying rationaleof a large and inreasing number of international treaties and delara-tions in the �elds of inter alia sustainable development, environmental



4 matthias kaiserprotetion, health, trade, and food safety. The PP is on its way to be-ome a widely aepted part of international law. In its basi form, thePP states that ation to protet human health and the environment toavoid possible danger of severe and irreversible damage, need not waitfor rigorous sienti� proof (Weiss, 2003). In pratie, di�erent and some-what diverging formulations, de�nitions and interpretations of the PPan be found. Further, a multitude of ontraditing perspetives of whatmakes up a preautionary approah oexist amongst major players in theinternational arena.The PP forms a meeting ground of tremendous tensions: betweensupra-national and national legal orders, between the global and the loal,between law and siene, between North and South, and between ertaintybased `positivist' views of siene and unertainty based `post-modern'and `post normal' interpretations of siene (Funtowiz & Ravetz 1992).Thus, some see the PP as essentially anti-sienti�, anti-rational, anti-innovation, anti-sustainable use, or Northern in outlook. Others defendit as an ethially founded priniple for responsible o-existene in a glob-alised ontext, as a safeguard to are for future generations, as integralto sustainable development, as truly responsible siene. Muh of the de-bate has foused on the use or abuse of the PP in international tradewhere some fear it may be used as a new instrument for trade barriers,while others stress that the PP provides the assurane to Nation Statesthat their hosen levels of safety will not be ompromised by internationaltrade.In disussing the PP one needs to be aware of four di�erent ontextswhih must be understood as relevant bakground for the omplex disus-sions about PP. These ontexts are: 1. the sienti� ontext; 2. the legalontext; 3. the politial ontext, and 4. the ethial and ultural ontext.In the following setions we shall not have the spae to disus all of theseaspets in detail.1. The sienti� ontext: It emerged early that some sientists, whileembraing the prinipal ideas of preaution, assumed it had noreperussions on siene, and would leave siene basially unaf-feted. The PP was seen as a priniple for politiians and ad-ministrators. The �siene as usual� position met opposition bythose who laimed that it seems inoherent to say on the onehand that the PP is diretly linked to the state of knowledge,



DEFINING THE PRECAUTIONARY PRINCIPLE 5i.e. the unertainty of information, that siene provides, while onthe other hand leaves the burden of interpreting the signi�aneof the inomplete state of knowledge to others who may lak theexpertise to understand the unertainties or see them in their ap-propriate ontext. To further stress the relevane to siene, it ispointed out that the image of siene as a linear aumulation offats and the gradual eradiation of all unertainty is misguided.Unertainty is inreasingly seen as inherent to the prodution ofsienti� knowledge and may inrease as knowledge inreases. Thisis partiularly so when our knowledge depits unbounded omplexor haoti systems in nature as opposed to the idealised and on-trolled onditions of siene in the laboratory. These systems area hallenge to the assumed ability of siene to ontrol and pre-dit outomes. It is furthermore laimed that risk assessments aspratied in regulatory siene is strongly in�uened by value dei-sions and non-sienti� onsiderations. Thus, there is an intimatelinkage between siene and politis that seems to bespeak thatthe PP a�ets both the prodution of relevant sienti� knowledgeand the deision-making based on it.2. Obviously, the PP has an important legal ontext. There is dis-ussion whether preautionary ation should be framed within aontext of reognising an environmental law �priniple�, or whetherone should rather talk about a preautionary approah when deal-ing with unertain risks. The latter seems less demanding and opento alternative approahes as well. It seems a matter of fat thateven states that strongly oppose the PP, have implemented poli-ies in ertain areas that are preautionary. Thus not having agenerally binding legal priniple still leaves room for preaution-ary ation should a state deide so. The ruial question seemsto be whether preaution has beome part of ustomary interna-tional law. One element of the debate is the question of burden ofproof. The invoation of the PP often requires either to shift someof the burden of proof showing the tehnology to be safe to thosewho develop and market the tehnology, or to relax somehow thestandards of evidene for the suspiion of unaeptable risks (deSadeleer 2002, Andorno 2004).



6 matthias kaiser3. There is an important politial ontext behind these issues as well.This an perhaps best be illustrated by pointing to the fat thataeptane or rejetion of the PP is seldom oherent even withinthe domesti poliies of a ountry, but seem to follow onsidera-tions of national interest. For instane, the USA has poliies thatare strongly preautionary in wildlife protetion, but opposes thePP in a global trade ontext. Australia has domesti obligationsto apply the PP in their national environmental poliy deisions,but joins the USA in their resistane to aepting PP as an inter-national legal priniple. In other areas, e.g. within the Conventionon International Trade in Endangered Speies of Wild Fauna andFlora (CITES) or within the International Whaling Commissionboth ountries are supportive of the PP. Within the EU one hasnoted that Southern European ountries allow the sales of unpas-teurised heeses in spite of the risk that it may harbour Listeriamonoytogenes and other dangerous bateria. In this they seem toontradit the preautionary poliies for food safety the EU prop-agates in other areas. They do so beause of the long traditionsof this kind of heese making and their role in the food-ultureof the ountries. Suh variation in the preferred approah to thePP within di�erent areas of appliation easily gives rise to thesuspiion that states support the PP when it an meet their en-vironmental and other safety standards at little or no ost, butthat they rejet other states' use of it when this implies high ostsfor their own eonomy. In the ontext of globalisation of trade andtehnology it emerges that the interests of states to protet ertainrights (IPRs) over a tehnology or the interest to export tehnolo-gies to ountries with less stringent safety regulations may furtherintensify the inequalities between the developing ountries and theindustrialised ountries.4. Finally, there is an ethial and ultural ontext. Our dealings withnature, our onsiderations of human health and our dealings withrisks imposed on us by others are typially deeply embedded ina ultural framework of understanding and valuation. How risk-aversive or risk-taking people are in various areas is in�uened byvalue-laden onepts and their role in the respetive ulture. Othervalues, e.g. values stressing individual autonomy versus values



DEFINING THE PRECAUTIONARY PRINCIPLE 7onduive to soial oherene, vary ulturally. The same holdsfor religious versus seular values. The European/World ValuesSurveys provide evidene based on empirial data from almost80 soieties worldwide that post-industrial hange brings remark-able hanges in people's world-views (Inglehart 1997; Inglehart andBaker 2000; Inglehart and Welzel forthoming). As the knowledgeeonomy replaes the prominene of the industrial setor, valuesthat emphasise onformity to group disipline and institutionalauthority tend to give way to values that emphasise human self-expression and individual hoie (Welzel 2003). These attitudeshave a profound impat on our views on moral responsibility. Thisapplies e.g. to oneptions of both inter-generational and intra-generational justie. These ultural fators also have a large impaton how we view the moral standing of nature and wildlife.One may roughly distinguish between a preautionary approah andthe PP. This is relevant when desribing the history. Preautionary �think-ing� has been with humanity probably for a very long time and one maytrae examples of it in the history of tehnology. Preautionary approahesalso go bak in history for quite some time. An important study on Latelessons from early warnings (Harremoës et al. 2001) mentions the exam-ple of Dr John Snow, who in 1854 reommended removing the handle of aLondon water pump in order to stop a holera epidemi. The evidene forthe ausal link between the spread of holera and ontat with the waterpump was weak and not a �proof beyond reasonable doubt�. The simpleand relatively inexpensive measure was very e�etive. The PP, however,seems of a more reent historial date, and it implies a omprehensive andlegally binding obligation to use preaution in speial ases.History: The �Vorsorgenprinzip� in German environmental poliyThe PP is one among altogether �ve entral priniples in German environ-mental poliy (see Boehmer-Christiansen's ontribution in O'Riordan &Cameron 1994.) The other priniples are �the polluter pays�, �ooperation�(Kooperation), �proportionality between osts and pro�t (WirtshaftliheVertretbarkeit) and �joint responsibility� (Gemeinlastprinzip). While thepriniple of proportionality indiates that no enterprise or trade should besubjeted to higher osts than it is able to bear without going bankrupt,



8 matthias kaiserommon responsibility means that any enterprise or trade an be sub-sidised in order to introdue measures to stimulate the environment. ThePP may be traed bak to the �rst draft of a Bill in 1970 aiming at seur-ing lean air. This doument expressed that the Bill aimed at preventingdamaging environmental e�ets: the greater the danger, the greater theneed for measures taken by the authorities to protet the people. This alsoset the legal framework for ative measures that were not aiming at re-pairing damage that had already taken plae. The law was passed in 1974(as Bundes-Immissionsshutzgesetz, BimShG) and overed all potentialsoures of �air pollution, noise, vibrations and similar proesses�.The most unambiguous explanation and de�nition of the PP in Ger-man environmental poliy ame in a report from the Ministry of the In-terior of the Federal Parliament (Bundestag) in 1984. Here it was statedthat: �Responsibility towards future generations ommands that the natu-ral foundations of life are preserved and that irreversible types of damage,suh as the deline of forests, must be avoided�. Thus:�The priniple of preaution ommands that the damages done to thenatural world (whih surrounds us all) should be avoided in advane andin aordane with opportunity and possibility. Vorsorge further meansthe early detetion of dangers to health and environment by ompre-hensive, synhronised (harmonised) researh, in partiular about auseand e�et relationships . . . , it also means ating when onlusively aser-tained understanding by siene is not yet available. Preaution meansto develop, in all setors of the eonomy, tehnologial proesses that sig-ni�antly redue environmental burdens, espeially those brought aboutby the introdution of harmful substanes� (Bundesministerium des In-nern, Dritter Immissionsshutzberiht, 1984, Druksahe Bonn 10/1345,p. 53; here quoted after the translation by Sonja Boehmer-Christiansen inO'Riordan, T. & J. Cameron 1994).The ombination of the PP with the development of leaner tehnolo-gies is typial of the German ideas of environmental protetion. By way ofstrutural measures one has given support to the development of tehnialsolutions to environmental problems. In Germany the environment is �rstof all proteted via the use of tehnology (BAT, �best available tehnol-ogy�, bester Stand der Tehnik respetively). This has reated jobs andenvironmental tehnology has beome a growth area.



DEFINING THE PRECAUTIONARY PRINCIPLE 9De�ning the Preautionary PrinipleThe German interpretation of the PP is one of many de�nitions. Thereseems to have been little onvergene yet towards a ommon de�nitionof the PP in the various international treaties. The North Sea Treaties(Bremen 1984, London 1987, Den Haag 1990, Esbjerg 1995; all reprintedin Esbjerg 1995) are early examples of international treaties where the PPhas had a very strong position. What is interesting is the shift of refereneto the PP in the various North Sea Treaties:From: �. . . timely preventive measures . . . � given �insu�ient state ofknowledge� (1984) to: �. . . a preautionary approah is neessary whihmay require ation . . . even before a ausal link has been establishedby absolutely lear sienti� evidene . . . � (1987) and: �. . . apply thepreautionary priniple . . . even when there is no sienti� evidene toprove a ausal link . . . � (1990) to �nally: �. . . the guiding priniple . . . isthe preautionary priniple . . . � . . . the goal of reduing disharges andemissions . . . with the aim of their elimination� (1995).Sientists often ritiise the notion of preaution as being too impre-ise; that there is no de�nition available that allows an immediate oper-ationalisation of the priniple (f. Sandin 1999; Graham 2001; Goklany2001; Morris 2000). This is, of ourse, true for all the diverse de�nitionsand formulations that this priniple has undergone over the years. None ofthese formulations allow for a mehanial appliation of the priniple. Allneed interpretation. The septiism seems to persist in many quarters ofsiene, in spite of the many aademi e�orts to larify preaution further(f. e.g. O'Riordan & Cameron 1994; FoS 1997, JoRR 2001, JAGE 2002;Cottam et al. 2000; Freestone & Hey 1996; Fjelland 2002; Ra�ensperger& Tikner 1999; Tikner 2003; see also Lemons & Brown 1995; Lemons1996).Here is the formulation that is the most ited in the literature on thePP:Rio Delaration 1992, �15:�In order to protet the environment, the preautionary approah shall bewidely applied by States aording to their apabilities. Where there arethreats of serious or irreversible damage, lak of full sienti� ertaintyshall not be used as a reason for postponing ost-e�etive measures toprevent environmental degradation.�



10 matthias kaiserThere are several weaknesses in this attempt to de�ne the PP. TheRio Delaration for instane an be ritiised for trying to haraterise thePP by using a triple negation (�. . . lak of full sienti� ertainty shallnot be used as a reason. . . . for postponing ost-e�etive measures [=notating ℄� my emphasis). Many people have laimed that suh a �de�nition�does not amount to operationalising the PP and that it remains inherentlyvague.A reent UNESCO report under the auspies of its World Commis-sion on the Ethis of Sienti� Knowledge and Tehnology (COMEST)ompares some of the better known versions of the priniple (UNESCO/COMEST 2005). In the following table we add some additional ones:Soure De�nition Optional/MandatoryationUnited Na-tions WorldCharter forNature (1982) �[When℄ potential adverse e�ets [ofativities℄ are not fully understood,the ativities should not proeed.� Strong: requires amoratorium in thease of unertainty.London De-laration (Se-ond Interna-tional Confer-ene on theProtetion ofthe North Sea1987)
�Aepting that, in order to protetthe North Sea from possibly dam-aging e�ets of the most danger-ous substanes, a preautionary ap-proah is neessary whih may re-quire ation to ontrol inputs ofsuh substanes even before a ausallink has been established by abso-lutely lear sienti� evidene.�

Weak: inludes qual-ifying language suhas �may require a-tion� and �before . . .absolutely lear . . .evidene.�Rio Delara-tion (UnitedNations1992b) �In order to protet the environ-ment, the preautionary approahshall be widely applied by States a-ording to their apabilities. Wherethere are threats of serious or irre-versible damage, lak of full sien-ti� ertainty shall not be used as areason for postponing ost-e�etivemeasures to prevent environmentaldegradation.�
Weak: inludes qual-ifying language suhas �aording to theirapabilities� and�. . . postponing ost-e�etive measures.�Contains triplenegation. ontd.



DEFINING THE PRECAUTIONARY PRINCIPLE 11InternationalJoint Com-mission(1994) �All persistent toxi substanes aredangerous to the environment, dele-terious to the human ondition, andan no longer be tolerated in theeosystem, whether or not unas-sailable sienti� proof of aute orhroni damage is universally a-epted.�
Strong: bans use de-spite unertainty ofe�ets.

EU ommuni-ation on thePP, 2000 �The preautionary priniple ap-plies where sienti� evidene is in-su�ient, inonlusive or unertainand preliminary sienti� evalua-tion indiates that there are rea-sonable grounds for onern thatthe potentially dangerous e�ets onthe environment, human, animal orplant health may be inonsistentwith the high level of protetion ho-sen by the EU�
Strong: requires in-tervention to main-tain the high level ofprotetion hosen bythe EU.

WingspreadStatementon the Pre-autionaryPriniple �When an ativity raises threats ofharm to human health or the en-vironment, preautionary measuresshould be taken even if ause ande�et relationships are not fullyestablished sienti�ally . . . [The℄proponent of the ativity, ratherthan the publi, should bear the bur-den of proof.�
Strong: learly plaesthe burden of proofon the proponent ofan ation to showthat it does not posea danger of environ-mental harm.Already in 1994 it was pointed out (O'Riordan & Cameron 1994)that the vagueness of the priniple is by no means surprising, nor is ita drawbak. In 1999 Jordan and O'Riordan stated that �the appliationof preaution will remain politially potent so long as it ontinues to betantalisingly ill-de�ned and imperfetly translatable into odes of on-dut, while apturing the emotions of misgivings and guilt� (Jordan &O'Riordan 1999). The PP has a similar semanti status to moral norms orethial priniples (like human dignity, equity, and justie) or the priniplesof human rights. It needs to be interpreted and spei�ed on a ase-by-ase basis, and it will sometimes hange its spei� ontent aording to



12 matthias kaiserthe available information and urrent praties. With ethial priniplesit is well reognised that for instane the protetion of human dignitysometimes alls for a ertain measure of paternalism (e.g. when institu-tionalising ertain patients) while paternalism in other ases might be thediret opposite of respet for human dignity. This is quite similar to pre-aution. In order to protet for instane the biodiversity of a given regionit may be a wise measure simply to leave a disturbed or polluted riverleading into this region to its further natural ourse, and stop all kindsof human interation with the river. But in some ases it may rather beindiated to take ative steps to bring this river bak into a quasi-naturalstate again, e.g. by restoking �sh speies, reduing its salinity et. Weneed to look at the ase at hand in order to �nd out what preautionmeans in that spei� ase. Partly this is due to the omplexity of thesienti� fats that we need to relate to. But partly this is also due to thevarying interests and values that enter suh a ase. Typially there willbe ompeting interests (aside from e.g. biodiversity) at stake, and some-times these interests indeed deserve speial attention (e.g. to preservesome ultural diversity by providing the eonomi basis for some humansettlements). While the PP an remind us of our moral duty to preventharm in general, it annot presribe what kind of sari�e we should beprepared to make in eah and every ase. Thus the PP has the semantistatus of a general norm rather than that of a detailed step-by-step ruleof operation. It follows from this that it may make its ourrene in theguise of a multitude of di�erent formulations and goal expressions.Despite the di�erenes in the wording, there are several key elementsthat most de�nitions or mentions of the PP in treaties have in ommon.These are, aording to (UNESCO/COMEST 2005):
• �The PP applies when there exist onsiderable sienti� unertain-ties about ausality, magnitude, probability, and nature of harm;
• Some form of sienti� analysis is mandatory; a mere fantasy orrude speulation is not enough to trigger the PP. Grounds foronern that an trigger the PP are limited to those onerns thatare plausible or sienti�ally tenable (that is, not easily refuted);
• Beause the PP deals with risks with poorly known outomes andpoorly known probability, the unquanti�ed possibility is su�ientto trigger the onsideration of the PP. This distinguishes the PPfrom the prevention priniple: if one does have a redible ground



DEFINING THE PRECAUTIONARY PRINCIPLE 13for quantifying probabilities, then the prevention priniple appliesinstead. In that ase, risks an be managed by, for instane, agree-ing on an aeptable risk level for the ativity and putting enoughmeasures in plae to keep the risk below that level;
• Appliation of the PP is limited to those hazards that are unaept-able; although several de�nitions are more spei�: Possible e�etsthat threaten the lives of future generations or other groups of peo-ple (for example inhabitants of other ountries) should be expliitlyonsidered. Some formulations refer to 'damage or harmful e�ets',some to 'serious' harm, others to 'serious and irreversible damage',and still others to 'global, irreversible and trans-generational dam-age'. What these di�erent lauses have in ommon is that theyontain value-laden language and thus express a moral judgmentabout aeptability of the harm;
• Interventions are required before possible harm ours, or beforeertainty about suh harm an be ahieved (that is, a wait-and-see-strategy is exluded);
• Interventions should be proportional to the hosen level of pro-tetion and the magnitude of possible harm. Some de�nitions allfor 'ost-e�etive measures' or make some other referene to osts,while others speak only of prevention of environmental damage.Costs are only one onsideration in assessing proportionality. Riskan rarely be redued to zero. A total ban may not be a propor-tional response to a potential risk in all ases. However, in ertainases, it is the sole possible response to a given risk;
• There is a repertoire of interventions available:(1) measures that onstrain the possibility of the harm;(2) measures that ontain the harm, that is limit the sope of theharm and inrease the ontrollability of the harm, should it our;
• There is a need for ongoing systemati empirial searh for moreevidene and better understanding (long-term monitoring andlearning) in order to realize any potential for moving a situa-tion beyond the PP towards more traditional risk management�(UNESCO/COMEST 2005).It was on the basis of these ommon elements that the working groupthat wrote the above mentioned report suggested a new working de�nitionof the PP. The suggested de�nition is this:



14 matthias kaiserPreautionary Priniple, a working de�nitionWhen human ativities may lead to morally unaeptableharm that is sienti�ally plausible but unertain, ationsshall be taken to avoid or diminish that harm.Morally unaeptable harm refers to harm to humans or the environ-ment that is
• threatening to human life or health, or
• serious and e�etively irreversible, or
• inequitable to present or future generations, or
• imposed without adequate onsideration of the human rightsof those a�eted.The judgment of plausibility should be grounded in sienti� analysis.Analysis should be ongoing so that hosen ations are subjet toreview.Unertainty may apply to, but need not be limited to, ausality orthe bounds of the possible harm.Ations are interventions that are undertaken before harm oursthat seek to avoid or diminish the harm. Ations should be hosenthat are proportional to the seriousness of the potential harm, withonsideration of their positive and negative onsequenes, and withan assessment of the moral impliations of both ation and ination.The hoie of ation should be the result of a partiipatory proess.When to apply the PP?The basi ondition for the appliation is the presene of major sienti�unertainty. Note that risk alone, if not aompanied by unertainty, doesnot qualify one to apply the PP. It may for instane be the ase that areliable risk assessment of a ertain produt shows that there exists avery low probability for negative health e�ets for ertain groups of thepopulation, e.g. small hildren. In that ase one does not need to employthe PP. A poliy of prevention may be su�ient, and one may e.g. deidethat even suh a low risk may be too high for the group in question. This



DEFINING THE PRECAUTIONARY PRINCIPLE 15is ertainly dependent on one's values and the level of protetion that asoiety tries to uphold. Yet, all this an be ahieved without any reourseto the PP. Prevention is not the same as preaution.The onditions for applying the PP an be spelled out in some detail.The onditions the Norwegian National Committee for Researh Ethisin Siene and Tehnology NENT (1997) adopted are essentially the fol-lowing:1. there exist onsiderable sienti� unertainties;2. there exist senarios (or models) of possible harm that are si-enti�ally plausible (i.e. based on some sienti�ally aeptablereasoning);3. unertainties annot be redued without at the same time inreas-ing ignorane of other relevant fators; (i.e. attempts to redueunertainties by e.g. model-building or laboratory studies typi-ally imply abstrations that lead away from the real system understudy and there is no �adding bak� to real onditions; f. Fjelland2002)4. the potential harm is su�iently serious or even irreversible forpresent or future generations;5. if one delays ation now, e�etive ounter-ation later will be mademore di�ult.While the NENT onditions for the appliation of the PP do not inany sense lay laim to expressing a widespread agreement, it is noteworthythat e.g. the EU ommuniation on the PP (EU 2000) seems in partto express a similar spirit, for instane when it states that �reourse tothe preautionary priniple presupposes that potentially dangerous e�etsderiving from a phenomenon, produt or proess have been identi�ed, andthat sienti� evaluation does not allow the risk to be determined withsu�ient ertainty�.It should be noted that all of these onditions need to be met. With-out for instane the last ondition being ful�lled one does not need toapply the PP. In suh ases one may rather adopt a wait-and-see strategy.Choie of preautionary strategiesOne one has established that the PP has to be applied, one faes thequestion of what to do about it. How preisely shall we at (inluding



16 matthias kaiserrefraining from ating at all)? What measures should be ounted as pre-autionary in some sense? This is the important question one has to ad-dress one the above onditions for the appliation of the PP are met. Itis normally at this point that di�erenes of opinion loom large.Any ation that an be assumed to e�etively redue the risk of thepotential harm ourring, or that may ontain the sope of the harmshould it our and that prepares us for handling the potential harm ouldbe ounted as a preautionary strategy. Given suh a haraterisation ofa preautionary strategy, it seems lear that in most ases we have toselet among a whole range of preautionary options. Choosing a strategyinvariably involves taking a stand on basi value issues.The EU Communiation on the PP (2000) spei�es a number of on-straints on possible PP measures:
➢ non-disrimination (between idential problems in di�erent areas)
➢ onsisteny (of poliies)
➢ ost-bene�t analysis (needs to be onsidered for ation and non-ation)
➢ proportionality (of measures in relation to possible harm)
➢ examination of sienti� development (even after implementation)
➢ burden of proof (on those who propose a pratie).In a previous paper (Kaiser 1997) I argued that one it has been estab-lished that the PP should be applied, one is still faing a multitude ofpossible preautionary strategies. There is no one best strategy in anyobjetive sense. One has to make trade-o�s, for example between e�etson nature and e�ets on soiety. This is ertainly legitimate, but it is nota question of straightforward siene. It is a value deision.The example of xenotransplantationIt is, I think, useful to look at a spei� example in order to see how thePP works or would work in pratie.Xenotransplantation is the transplantation of organs or body-ellsfrom animals to human beings, for instane the heart of a pig. Xenotrans-plantation marks a qualitatively new hallenge in medial tehnology as-sessment. The reasons for this laim are twofold: (i) in ontrast to moretraditional medial interventions, xenotransplantation involve risks notonly to the patient, but also to larger segments of soiety, thus to publi



DEFINING THE PRECAUTIONARY PRINCIPLE 17health in general; (ii) while most medial tehnologies demand assessmentand risk-management at the time when the tehnology is su�iently de-veloped to be put into pratie, xenotransplantation demands pro-ativeation at a very early stage of development.The main risks of xenotransplantation stem from the possible harmthat infetious diseases are transferred from animals to humans. Sientistsidenti�ed the so alled `porine endogene retrovirus' (PERV) as a possibleinfetion of partiular onern. To date no studies have demonstrated anydiret transfer of PERV outside the laboratory from pig ells to humanells. But the sientists tend to agree that seven steps are neessary forPERV-infetions to be a health risk to human populations:1) PERV must be present in pig ells from the donor animal,2) infetious PERV must be able to infet human ells,3) PERV must be released from the transplanted organ or ells,4) released PERV must be able to infet human tissue of the reipient,5) PERV must be able to reprodue in the reipient,6) PERV must be exreted and transferred to other humans, and7) the PERV infetion must lead to disease in humans.Condition 1) and 2) were shown to hold in laboratory studies; onditions3) and 4) were demonstrated in immune-de�ient mie; the three lastonditions ould not yet be demonstrated. The fat that the possibilityof eah step is unertain but sienti�ally plausible (no step an be ruledout), and that four of the seven steps neessary for the harm to ourwere already shown to our in laboratory studies, provides ground foronern. PERV is only one type of virus. There ould be other viruses ofonern that are not yet identi�ed.Further ground for onern arises from the sienti� theory of zoono-sis, whih is widely known as one of the theories used to explain the originof the HIV virus. Aording to this theory, HIV-infetions have developedby zoonosis: viruses from apes beame able to reprodue themselves inthe human body after some initial ontat with the animal, and were thenspread to other humans through human ontat.Given these onsiderations one might onlude that:a) there exist signi�ant sienti� unertainties about the possibleinfetious onsequenes of xenotransplantation,b) there exist sienti�ally-based models that indiate a possible se-nario of harm (zoonosis),



18 matthias kaiser) this harm ould be potentially great and di�ult to ontain andmight be irreversible,d) the harm a�ets an important value: human health,e) one infetious diseases are transferred it may be too late to dosomething about it, andf) there is no sienti� proof that xenotransplantation an ause newviruses for humans, butg) it is not feasible to redue the unertainties signi�antly withoutat the same time inreasing the risk that the harm might our,that is, perform xenotransplantations.Conditions a)�g) an be seen as general onditions for applying the PP.Thus, preautionary measures might be indiated in this ase.Using the new de�nition of the PP provided by COMEST, one mayalso note the following: Xenotransplantation might lead to morally un-aeptable harm, sine human (population) health/life is potentially atstake. The evidene ited to show signi�ant unertainties is based onplausible sienti� onsiderations, and not on mere speulation alone.There is signi�ant unertainty both in respet to what exatly mightause the potential harm, and in respet to the sope of that possibleharm. A number of ations seem possible to either prevent the envisagedharm or to restrit it should it our. This is disussed in the followingparagraph.What then are the preautionary strategies that one might want toimplement as a onsequene? A preautionary strategy an be de�ned asany measure that an be believed to e�etively redue either the risk of theharm itself, or the magnitude and spreading of the harm, should it our.A Norwegian Governmental Commission Report (NOU 2001) disusses anumber of possible strategies: a moratorium, a step-by-step and a ase-by-ase strategy, restritions of uses to small and stritly monitored groups,and the international ooperation in monitoring the patients (and theirfamilies). The �rst is the stritest and the last is the most liberal, i.e. leaste�etive strategy. As tempting as a moratorium may look from a soietalpoint of view, it should be kept in mind that it only delays the problem.It might atually bak�re, given that not all ountries might implementa moratorium and that diseases know no borders. What one eventuallywants to ahieve is enough knowledge and a strong institutional apparatusto ontain the possible harm should it materialise, but still allowing the



DEFINING THE PRECAUTIONARY PRINCIPLE 19tehnology to develop for the bene�ts of patients. However, it is learthat any deision between these di�erent preautionary strategies will bestrongly in�uened by value-assumptions and rest in the �nal instane onpolitial deisions.ConlusionThe Preautionary Priniple has triggered extensive debate both amongsientists and in politial irles. The fous on sienti� unertainty andthe need to manage unertainties represents a major regime hange in theway siene serves as the provider of premisses/information for environ-mental and health poliy. The PP demands that the sientist spells outall the relevant unertainties that pertain to a situation. Furthermore, thesientist needs to assess whether there exists some sienti�ally plausibleevidene or some siene-based model that would indiate a senario ofpossible future harm. This exerise asks the sientist to leave the dominat-ing strong standards of proof within siene behind, and use qualitativejudgement in sreening sienti� knowledge for indiations of what a er-tain tehnology, intervention or pratie may lead to. The sientist mustbe prepared to engage in extra-sienti� platforms with deision makers,stakeholders and the general publi. Here the sientist should be ready tofous on values that are at stake and how siene an ontribute to pro-tet human health, safety and the environment. Siene is hallenged toome up with a variety of possible preautionary strategies if the PP is tobe employed, and to disuss them ritially in their relevant ontext. Thelose relation to value aspets and ethis, bringing value aspets to thesurfae, is a hallenge that sientists may not be quite prepared for yet.On the other hand, it may be preisely beause of these aspets that thePP enjoys a large support in wide irles of the European population. Itrepresents a novel idea of how sienti� knowledge may indeed ontributeto progress. Progress is, after all, a value onept.ReferenesAndorno, R. (2004), �The Preautionary Priniple: A New Legal Standardfor a Tehnologial Age�, Journal of International Biotehnology Law, 1:11�19.
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On Re-staging the Universal: Butler, Hegeland Contesting the Closure of LogiValerie Kerruish 1

1. Preliminaries�Formalism�, Judith Butler writes,is not a method that omes from nowhere and is variously appliedto onrete situations or illustrated through spei� examples.On the ontrary, formalism is itself a produt of abstration, andthis abstration requires its separation from the onrete, onethat leaves the trae or remainder of this separation in the veryworking of abstration itself. In other words, abstration annotremain rigorously abstrat without exhibiting something of whatit must exlude in order to onstitute itself as abstration.2The general ontext of Butler's essay `Re-staging the Universal' is a on-sideration of universality in the politial realm whih, while fully apprisedof the `false universality' of olonial and imperial projets,3 wants torestage the universal as a projet of ultural translation.In the essay Butler reads Hegel as alling into question whether for-malisms are ever really as formal as they purport to be.4 Reading para-graphs 19 to 25 of Hegel's Enylopaedia Logi she presents Hegel's ap-proah to universality as proeeding by way of suessive revisions of thenotion of universality. Thus the form (produt) and harater of thoughtare a) universal qua `abstrat'. But then thinking as ativity yields b) the
1 This paper was presented as a talk given at The Union Bar, 52 Lloyd Baker St.,London WC1 on Friday 2nd Marh, 2001. I thank Beverley Brown for onvening thepresentation and for her ommentary on the paper.
2 Judith Butler, `Re-staging the Universal' in Judith Butler, Ernesto Lalau andSlavoj �iºek, Contingeny, Hegemony, Universality: Contemporary Dialogues on theLeft, London, Verso, 2000 at 19.
3 Butler, above n.2 at 15.
4 Butler, above n.2 at 14�15. 23



24 valerie kerruishative universal whih produes ) a deed as the universal. Thus threedi�erent names are o�ered for a universality, both singular and various,to whih is added d) the subjet, the pronomial `I' as also the universal.Hegel, she argues, is inhabiting a Kantian voie prior to a ritique of Kantfor suppressing the internal form of d) � the external form being, here,ommunality. Taken abstratly, the `I' is pure relation to itself �in whihabstration is made from representation and sensation, from every stateas well as from every peuliarity of nature, talent, experiene�.5 Suh apositing of the universal `I' requires the exlusion of what is spei� andliving from the self and sine this too is universal we get a doubling desig-nated in terms of abstrat and onrete. In general, Hegel's point againstKant, aording to Butler, is made by showing in various ontexts thatwhen the universal is oneived as a feature of thought, it is byde�nition separated from the world it seeks to know.6To the extent that freedom of thought guarantees freedom, freedom isde�ned preisely over and against all exterior in�uene and this abstratfreedom intrinsi to thought, brings a ertain hubris, or will to mastery,to be ountered by `humility', `modesty' that is attained by immersion inthe matter itself. �Hegel will onlude�, Butler writes,that not only is the thinking self fundamentally related to whatit seeks to know, but the formal self loses its `formalism' one itis understood that the prodution and exlusion of the `onrete'is a neessary preondition for the fabriation of the formal. Con-versely, the onrete annot be `had' on its own, and it is equallyvain to disavow the at of ognition that delivers the onrete tothe human mind as an objet of knowledge.7Butler will go on to draw from this her ounter to Bataille's andDerrida's dubbing of Hegel's thought as the thinking of mastery (as dis-tint from sovereignty),8 via a onsideration of Hegel's phenomenologial(i.e. in The Phenomenology of Spirit) linking of universality to reiproal
5 Ibid at 16.
6 Ibid at 17.
7 Ibid at 18.
8 Ibid at 19; see further J. Derrida, `From Restrited to General Eonomy AHegelianism without Reserve' in Writing and Di�erene, Alan Bass trans., London,Routledge, 1978, 251�277; Joseph C. Flay, `Hegel, Derrida and Bataille's Laughter'and Judith Butler `Commentary on Joseph Flay' in Hegel and his Critis: Philosophy



ON RE-STAGING THE UNIVERSAL 25reognition and the role of ustomary pratie or Sittlihkeit as a sub-stantive rather than formal ondition of reognition. From the impliitrejetion of transultural norms in this thinking Butler moves to the per-formative, ultural translation, as a possible forging of universality whihrosses ultures without transending ulture.2. DilemmaThis paper began its life, some years ago, as an attempt to supplementButler's essay by distinguishing logial formalisms from the theoretialformalisms of whih she is ritial. Formal thought, I laimed, does re-main rigorously itself, as a pratie of mathematial logi, quite simply byadhering to the assumptions, de�nitions, axioms (if any) and rules it hasset for itself. If even so it runs into antinomies and omes up with para-doxial results these should be seen to inhere in something other than theontamination of the abstrat by the onrete in the formalisms of whihButler is ritial. That something other is the role of ontraditions inonept formation. What I was aiming at, on the basis of my own readingof Hegel's Logi, was the possibility of turning his idea of a dialeti ofpure reason to the task of questioning all forms of authority, inludingthat whih may be thought to inhere in lassial logi itself.That remains my aim, but it now seems to me that a distintionbetween `logial' and `theoretial' formalisms made in terms of formalthought `remaining rigorously itself' is inapposite. The `I' of a Kantianonsiousness, as it lings to Kant's transendental unity of appereption,9is very muh in question in Hegel's ritique of the ritial philosophy. Hisattempt to replae Kant's foundational notion of the transendental unityof appereption with his own logial foundation and so overome Kantianand Fihtean `I's is the undertaking of the Logi. Now this, I think, isin the Aftermath of Hegel, ed. W. Desmond, Albany, State University of New YorkPress, 1989, 163�178.
9 �It is one of the profoundest and truest insights to be found in the Critique ofPure Reason that the unity whih onstitutes the nature of the Notion is reognisedas the original syntheti unity of appereption.� G.W.F. Hegel, The Siene of Logi[1816℄, trans. A.V. Miller, Atlanti Highlands, New Jersey, Humanities Press Interna-tional In., 1969 at 584; Wissenshaft der Logik, Zweiter Teil, Sämtlihe Werke v.5,Jubiläumsausgabe 4th ed., Stuttgart-Bad Cannstatt, Friedrih Frommann Verlag, 1964at 15.



26 valerie kerruishwhat Butler neglets, as I shall argue below. But there is a further prob-lem a�eting my own argument. Things have moved on very onsiderablyin the �eld of formal logi sine Hegel's day. If it is now proposed thatphilosophy and more partiularly politial philosophy should allow thatthe logi of any suh logial foundation should be presentable, in onfor-mity with that development, as a formal system of mathematial logi, aproblem of disipline and pratie annot be ignored.However interdisiplinary the exhange between formal logi, math-ematis and philosophy was in the �rst deades of the last entury, thesubsequent development of mathematial logi has been as a mathemat-ial disipline. Suh relations as have been maintained with philosophy,whether designated `philosophial logi' or `the philosophy of logi(s)'have been very largely in the very tradition of formal logi whih He-gel rejeted. The situation urrently inherited is one in whih it an beand is argued that no formal system that is not `omplete' (meaningroughly fully formalisable) should be permitted the designation of (for-mal) `logi'. `Logi' in this view is on�ned to lassial propositional logiand �rst order prediate logi.10 This position in debate in philosophy oflogi onerning the nature of logi is no doubt onservative, but it sets aparameter of that debate whih ould be taken as the `preise' meaningof formal thought `remaining rigorously itself'. This was and is ertainlynot the meaning of thought `remaining rigorously itself' that I intended.On the other hand, if the pratie of doing mathematial logi, whihstandardly inludes onstruting or working within inomplete systemsof higher order logi and set theory, is taken as the pratie in whih for-mal thought `remains rigorously itself' it must be allowed that this is apratie of mathematis.The stumbling point here is not that it is, as suh, not philosophy, butthe interation (or lak of it) between mathematial logi and philosophy.Suh interation would take the form of foundational researh but as faras I an see disiplinarity has extended into this �eld too. Foundationsof mathematis remains a (small) �eld within mathematial logi whihmay be philosophially engaged. Suh engagement however tends to beon�ned to a speialist philosophy of mathematis that is largely withinthe analyti tradition. Elsewhere philosophy, has tended toward ritique
10 Susan Haak, Philosophy of Logis, Cambridge, Cambridge University Press,1978 at 6, disussing the view of W.C. Kneale.



ON RE-STAGING THE UNIVERSAL 27or deonstrution of metaphysis or to hermeneutis and taken a vari-ety of `ethial turns' on questions of justi�ation. Alain Badiou's L'êtreet l'événement (1988)11 with its extended interpretation of ZFC set the-ory12 as ontology is a notable exeption. But this standard set theory isa lassial theory whih has guarded itself from paradox by a judiioushoie of axioms.13 As a form of higher order logi it is designed to avoidthe ontraditions whih a dialetial and speulative logi in the spiritof Hegel seeks to aommodate.`In the spirit of Hegel': an this be laimed? Compared to Desartes,to Spinoza, to Kant, Hegel turns philosophy's bak to mathematis mostemphatially, heaps ontempt on Leibniz' �immature� idea of a symboliuniversal language of thought and delares the German language preemi-nently suitable to his enterprise! Given his insistene on the inseparabilityof form and ontent, and on (his) dialetial method as the universal as-pet of the form of the Notion,14 to revise Hegel on this point an surelybe said to rejet his philosophy.I am drawn two ways by suh saying. One inlination is to say yes, butthat is no obstale to �nding in Hegel's thought a questioning of authorityand of law that I think omes from his idea of thought's (dialetial andspeulative) logial foundation. Call the resulting disourse an interdisi-plinary legal and politial `theory' rather than `philosophy'. The name isirrelevant to an enterprise that will still, as a matter of its method, requireattention to Hegel's texts and only di�ers from other interdisiplinary the-ories of law and politis in its referene to mathematial logi. The otheris to ask, ounterfatually: how would Hegel have responded to the an-tinomy that sank Frege's hopes of proving Kant wrong on the nature ofarithmeti by reduing it to a formal mathematial logi? He might havebeen happily surprised to �nd his idea of dialeti as a neessary funtion
11 Translated by Oliver Feltham as Being and Event, London, Continuum, 2005.
12 Zermelo-Fraenkel set theory with the axiom of hoie
13 Badiou expliitly defends his ommitment to lassial logi (as against intui-tionisti logi) in Meditation 24.
14 I use the term `Notion', following the English translations of Hegel used, todesignate `onept' (der Begri� ), as distint from `idea' (die Vorstellung, often trans-lated as `�gurate oneption' or `pitorial thinking' but better understood as a vague,impreise idea) and `Idea' (die Idee, a realised Notion or a Notion that is adequate toits ontent and so, in Hegel's sense �the objetive truth or the truth as suh�) (Hegel,above n.9 at 755; 236).



28 valerie kerruishof reason gain support from an unexpeted quarter and revised his ownjudgement on the means and methods appropriate to aomplishing theaim of his logi.Between these two responses, the motivation that �rst prompted myengagement with Butler's essay, still presses. I would like to see politialthought `on the left' engaging with a disipline born of an originally inter-disiplinary exhange between formal logi, mathematis and philosophywhih has played no small part in the development of the mahines whihare employed to write, publish and irulate their ideas. No doubt, as He-gel somewhere remarks, one does not have to study the digestive systemin order to digest one's food. No more an a demand be plaed on politialtheorists to study reursion theory (or the theory of omputability) in or-der to read and write texts, produed with the aid of a word proessor, onartiulations of power within a soial order. Still, where abstration andformalisms arising from it are topis in a projet of restaging the univer-sal, I see disiplinary and pratial barriers but no justi�ation for settingthe universality of onepts in mathematial logi beyond the horizon ofengagements. I would go so far as to suggest a lordly ontempt of slaves,tools and mahines within this attitude.Re-staging the universal, as that is alled for in left politial the-ory, does not, in my view, rest with the possibility of re-staging throughultural translation, although it needs that too. It does not rest there be-ause, in my view, (formally, mathematially) logially onstruted uni-versals and the hegemony of lassial logi should fall within the hal-lenges taken up by suh theory. No doubt legal and politial theory is farremoved from the logial realm. That is to say, the onepts deployed inand more or less systematially organising suh theory are both multiplymediated and separated by gaps from onepts, perhaps indiated by thesame word (for example, `reasonable', `neessity', `freedom'), whih areloated in the logial realm. But if Hegel's idea of thought's logial foun-dation is being taken up, then a question of how and the extent to whihpure reason's forms and funtions are relevant to suh theory arises. It isa question that goes, in Hegel's terms, to how reason and the reasonableare oneived.If it is being taken up: that is my enterprise and it lurhes straightbak into the stumbling point mentioned. It is not what is being takenup by Butler and the theorists with whom she is in dialogue, Lalau and



ON RE-STAGING THE UNIVERSAL 29�iºek. Quite to the ontrary, Lalau regards Hegel's philosophy as `pan-logiism' and while Butler questions that, her arguments for the opennessof Hegel's dialeti rest on the impossibility of a purely formal disourse.Pursuing the ditate of the subjetive and motivating `should' of the previ-ous paragraph brings me into on�it with her too. Evidently enough, thedi�ulty stems from exlusion of a notion of `the formal' that is appliableto ontemporary formal, mathematial logi from the ambit of her laims.But this exlusion disables the argument whih I wish to make, namely,that Hegel while rejeting the sense of `the formal' whih separates formfrom ontent, does intend his Logi as a logi of pure thought; as `theformal' of and in his way of thinking or `the formal' of pure reason.15It seems then that the supplement I envisaged, as alled for in politialtheory, annot do what I wanted it to do, that is, leave Butler's ideasfor re-staging the universal in plae � the plae being ultural theory �while using Hegel's idea of thought's logial foundation to give a ritialstandpoint vis à vis authority laims without distinguishing `logial' and`theoretial' formalisms.A ase then of damned if one does and damned if one doesn't? Indeed:a dilemma of the times.3. Hegel: ThematiallyPhilosophial thinking in general is still onerned with onreteobjets � God, nature, spirit: but logi is onerned only andsolely with these thoughts as thoughts, in their omplete abstra-tion.16To my mind, Hegel's thinking has both its radially emanipatory momentand its logial harater in this aspiration. His idea for a dialetial andspeulative logi is, as I read him, a foundational idea that pushes Kant's
15 �Logi being the siene of the absolute form, this formal [siene℄ (diesFormelle), in order to be true, must possess in its own self a ontent adequate toits form; (Hegel, above n.9 at 594; 29). Translation of dies Formelle as �this formalsiene� reads well but oludes the substantive of the German text, das Formelle, `theformal'.
16 G.W.F. Hegel, The Siene of Logi [1812℄, trans. A.V. Miller, Atlanti High-lands, New Jersey, Humanities Press International In., 1969 at 34; Wissenshaft derLogik, Zweiter Teil, Sämtlihe Werke v.4, Jubiläumsausgabe 4th ed., Stuttgart-BadCannstatt, Friedrih Frommann Verlag, 1964 at 24.



30 valerie kerruishtransendental turn to a fully logial turn via arguments on two fronts. Onthe one hand, it takes issue with Kant for leaving formal logi outside thesope of his �rst Critique and so with the distintion between formal orgeneral and transendental logi in the ritial philosophy. On the otherhand, he takes issue with the irresolution of Kant's turn against the ideathat thought is dependent for its ontent, albeit as mediated by the pureforms of intuition (time and spae), on sensible objets.Hegel's di�erene with Kant as regards the nature of `logi' is formu-lated as the di�erene between regarding logi as a anon of judgement �in Kant's own terms, a priori priniples of how the understanding oughtto think17 � and as an organon or tool for the prodution of objetiveinsights. The argument is about the nature (and so the authority) of rea-son, that is, thinking in terms of relations between onepts, and it takesin reason's relation to the understanding, that is thinking in terms ofbounded onepts. It is a basi and intratable di�erene.18 The merelyregulative role given to reason in Kant's philosophy is Hegel's abidingobjetion to it. The power of thinking the unonditioned, whih for bothis reason's laim, is denied aess to `truth' in its ognitive (theoretialor speulative) exerise in Kant's philosophy. Con�ned in this power towhat may be learned in its pure pratial exerise, reason's most valuableaomplishment, the reasonable, turns out to be an `ought to be' whih`is' not in this world and is thus unknowable by reason in its ognitivemoment.Hegel states his logos preliminary to the body of derivations of theLogi,19 as �the objetivity of illusion and the neessity of ontradi-tion that belongs to the nature of thought determinations�. It is, he says�nothing else but the inner negativity of the determinations as their self-moving soul, the priniple of all natural and spiritual life.� Plaed into anhomage to Kant for freeing dialeti from its reputation as arbitrariness
17 �Logi is a siene of reason not only as to mere form but also as to matter; asiene a priori of the neessary laws of thinking, not, however, in respet of partiu-lar objets but all objets generatim; it is a siene, therefore, of the right use of theunderstanding and of reason as suh, not subjetively, i.e. not aording to empirial(psyhologial) priniples of how the understanding thinks, but objetively, i.e. aord-ing to a priori priniples of how it ought to think.� Immanuel Kant, Logi [1800℄, trans.Robert S. Hartman and Wolfgang Shwarz, New York, Dover Publiations, 1974 at 18.
18 See above p.30.
19 For the distintion made here see below n.32



ON RE-STAGING THE UNIVERSAL 31and showing it to be a �neessary funtion of reason�,20 and formulatedas an extension of Kant's Antinomy of Pure Reason, this statement indi-ates Hegel's standpoint. He envisages a siene of this logos � a logiin a lassial philosophial sense � in whih ontraditions are relevantin a way that is both limitative (negative, dialetial) and onstitutive(speulative).I thus take Hegel at his word as intending his logi as a logi thatwill replae all previous metaphysis.21 The �rst part, the Objetive Logiwith its purported derivation of the ategories of the understanding, takesthe plae of ontology and ontotheology. The seond part, the SubjetiveLogi, has the logial forms (of judgement, syllogism, theoretial and pra-tial reasoning) as its subjet matter. That is for Hegel the ativity of theNotion whih, as `derived' in the �nal transition of the Objetive Logi (soas the logial Notion or onept of onept) is the form of the onsiousand self-onsious subjet. Form and ontent are dialetially related inHegel's thinking. They are not idential and nor are they independent ofrealm. The forms of onsiousness and self-onsiousness into whih Geistor Spirit (`the Hegelian subjet' or `thinking subjet' in Butler's termi-nology) enter, are logial forms, produts of pure thought. In that senseof `subjet' that is always already embodied in the soial relations of aplae and time, Hegel's Logi is subjetless. In a metaphor that is notwithout its own interest in ontexts of logi and politis, he writes of theSubjetive Logi that its �task is to remodel an anient ity, solidly built,and maintained in ontinuous possession and oupation�.22 He is talk-ing about the Aristotelian tradition of formal logi that he has elsewheredesribed as a �heap of dead bones� a �dull and spiritless rekoning�: aninarnation par exellene of the formalism of whih he was ritial, butwhih is not the less part of the heritage.Hegel ertainly stiks to a resolve to make no use of muh of thatformal logi � and it might be added that the tradition returns theompliment by ignoring Hegel � but this is not to say that the logi heintends does not hallenge it.23 There is perhaps disinterest in, rather thana hallenge to, the orretness, within its own frame, of the formal logi of
20 Hegel, above n.16 at 56; 54.
21 Ibid at 63f.; 64f.
22 Hegel, above n.9 at 575; 3.
23 In some interpretations, Hegel is read as making no hallenge to �ordinary logi�;see e.g. Terry Pinkard, `A Reply to David Duquette' in Essays on Hegel's Logi, ed.



32 valerie kerruishhis day. Rather, the frame itself, with its separation of form and ontent, isrejeted. Hegel's `logi' is framed as an enompassing unity within whihform (the Notion, universality) and ontent (`truth' in Hegel's sense) areinseparable and for whih the method is the universal aspet of the form.In Hegel's own terms the task undertaken in the Subjetive Logi is �togo further [than the Aristotelian undertaking℄ and to asertain both thesystemati onnetion of these forms and their value�.24Given that Hegel has sant interest in and orrespondingly sant spe-ialist knowledge of the tradition of formal logi, the subsequent transfor-mation of that tradition by mathematial logi is somewhat to the side ofhis thought. What that transformation brought about and ontinues tobring about, are new questions, questions that are addressed to lassiallogi. Its so alled `unquestionability', its status in Kant's eyes as a om-plete and perfet siene, has beome an anahronism. Further, updatingto one of the seminal ontributors to that transformation, the universal-ity of (lassial) logi as Frege (and Russell and Whitehead) oneivedthat,25 ame at the prie of provable ontraditions or antinomies when,in pursuit of the logiist attempt to redue arithmeti to logi, ertainaxioms governing onepts were inluded. No doubt the import of thelogial and set theoretial antinomies an be and standardly is pushedaway and minimised, but that is not to say that this strategy is the bestor even a good one. Indeed, expliit or impliit laims that this is themost `reasonable' strategy, or that it serves `us' and `our siene' best, arewhat I am opposing. Possible attitudes to ontemporary sienti� pra-ties and institutions do not lie on a linear sale between unquestioningaeptane and horri�ed rejetion. Questions of justi�ation, ommunityand objetivity in thought raised by Hegel's idea of thought's dialetialand speulative logial foundation onsidered from a perspetive providedby urrent researh in non-lassial logis, open other possibilities. It isdi�ult to gain and ommuniate that perspetive, but I do not aeptthe authority of those who delare it impossible or the judgement of thosewho think it unneessary. Even as a matter of determining whih logi isG. di Giovanni, New York, State University of New York Press, 1990, 17�25 at 19f.The trouble is that what is meant by �ordinary logi� is entirely unlear.
24 Hegel, above n.9 at 595; 31.
25 Jean van Heijenoort, `Logi as alulus and logi as language' Synthese 17(1967), 324�330.



ON RE-STAGING THE UNIVERSAL 33best suited for whih sienti� or tehnologial endeavour the latter �eldof researh works in the breah of the universality of lassial logi.So far as Hegel's idea of foundation and the questions raised by it areonerned, the relationship between the theory of knowledge or justi�a-tion of The Phenomenology of Spirit and the poiesis and pratie of theLogi, and the partiular funtion that the Logi has within Hegel's systemof philosophy are basi. In desribing the `result' of The Phenomenologyas the presupposition of a presuppositionless logi, I take Hegel to beasking his readers to think twie about the relationship in question.26 Inmy view, Hegel takes The Phenomenology to have shown that its pre-supposition or starting assumption, that aording to Hyppolite of alltheories of knowledge,27 namely the distintion between subjet and ob-jet (orrelatively knowledge and being, in itself and for itself, ertaintyand knowledge) has been shown to be inadequate to siene.28 The stand-point of absolute knowledge absorbs this distintion in a double haraterof its own. It is a standpoint of a journeying onsiousness whih has ex-periened a range of attitudes to its desires and their reversal, and knowsitself as the reolleting totality of that experiene. It is also the abstratonept of pure siene, of `logi' in Hegel's sense, oneived but not yetrealised by a derivation of the determinations of pure thought. The poiesisand pratie of the Logi is the realisation of that onept in the logialrealm: a realm that is a onstrution of thought and whih ontains noobjets other than objets whih thought gives to itself, namely oneptsand operations on and with those onepts (judgement, syllogism, reason-ing). Impliit, to my mind, is the thesis that it is only in the logial realm,only where thought by an arti�e of idealisation, onstruts a realm ofabsolute freedom, where it is, so to speak, alone with itself, that the idealunity of theory and pratie of knowledge is realisable.The partiular funtion of this part of the system is to providethought's logial foundation, in a sense of `foundation' that has its the-ory of justi�ation in an epistemology and the ativity of providing thefoundation in logi. In this respet it is a departure from the kind offoundation that Kant sought. It presupposes the possibility of objetive
26 Hegel, above n.16 at 68; 71.
27 Jean Hyppolite, Genesis and Struture of Hegel's Phenomenology of Spirit[1948℄, Evanston, Northwestern University Press, 1974 at 575.
28 William Maker `Beginning' in Essays on Hegel's Logi, above n.23 at 27�43.



34 valerie kerruishknowledge (siene) but not, as Kant supposed, as already instantiatedin mathematis and theoretial physis. Rather, at the beginning of theLogi, it is a foundation that is yet to be provided, although it admits nodoubt that it an be provided in the logial realm.4. Hegel: Abstration and AbstrationThere is a sense in whih philosophy throughout Hegel's enylopaedisystem is `logi', (a sense that leads Hao Wang to liken Hegel's onep-tion of `logi' to that of Wittgenstein in `On Certainty'29). Philosophy, inHegel's oneption of it is throughout onerned with the Idea albeit in itsdi�erent modes (Weisen) of existene, and throughout onerned with the`derivation' of the ategories for `objetive' knowing of a given realm. Thelogial mode of the absolute Idea is however its universal mode. Thoughtis onerned with itself in the Logi, with its own forms and funtions,not with its modes of existene (Dasein) in the world, in the realms ofnature and spirit.30The transitions in Hegel's Logi are not and are not intended to bederivations in the sense of inferenes drawn on the basis of rules of a formallogi, old or new. They are `logial' in the sense that they purport to followa movement of thought thinking thought by a method that takes nothingfrom outside the realm of pure thought other than the initial intuitionof how, pratially, that an be done. True enough, as Lalau says in hisdisussion of panlogiism,31 the aount of the method of the Logi omesonly at the end, after the last transition (from the pratial or objetiveIdea or Idea of the good, to the absolute Idea). The body of derivationswhih are the pratie of `doing logi' in Hegel's sense,32 are however ause of the method. Evidently enough, some idea of how to perform the�rst `derivation' (of Beoming from Being and Nothing) must preede it.Di�erently put: Hegel must have had some idea of how that `omplete
29 Hao Wang `What is Logi' The Monist 77 (1994), 261�277.
30 Hegel, above n.9 at 824�5; 328.
31 `Identity and Hegemony' in Contingeny, Hegemony, Universality, above n.2at 61.
32 Cf. Hans-Georg Gadamer, `The Idea of Hegel's Logi' in Hegel's Dialeti:Five Hermeneutial Studies, trans. P. Christopher Smith, New Haven and London,Yale University Press, 1976 at 86, for properly hermeneutial omments on what �anproperly be alled Hegel's text�.



ON RE-STAGING THE UNIVERSAL 35abstration' from the onrete objets of philosophial thinking was to beahieved.This is the issue addressed in the hapter of the Greater Logi `Withwhat must siene begin?'. Apparently ambiguous, its plaement (afterthe Prefaes and Introdutions; before the derivations) is the struturalounterpart in that text to the �nal hapter whih gives a re�etive a-ount of the method. And for all that I think Hegel judges badly (i.e. onthe basis of prejudie and philosophial hubris) and wrongly (in terms ofhoosing the tool he needs for the end in view) in his lofty dismissal ofLeibniz' ideas for using mathematial methods in the pursuit of logi, heis not without his insight here. Taking ordinary language as a given basis,Hegel takes prediation in terms of the opula `to be', and objeti�a-tion as the turning of a propositional form (prediate or onept) into anobjet, as operations whereby thought is able to give an objet to itselfand thus to ome up with Being (`is' turned to `isness') as a meaninglessobjet and beginning of his siene.Whatever riher names be given to [the beginning of siene℄ thanis expressed by mere being, all that an be onsidered is how suhan absolute enters into the thinking ognition [prediation V.K.℄and into the expression of this ognition [objeti�ation V.K℄ (myemphasis).33I do not laim that Hegel is seeing other than through a glass darkly.I do not deny that this interpretation is made from a perspetive providedby ontemporary mathematial logi with its use of formalised operations
33 Above n.16 at 77; 83. Dieter Henrih in `Formen der Negation in Hegels Logik' inSeminar: Dialektik in der Philosophie Hegels, ed. Rolf-Peter Horstmann, Frankfurt amMain, Suhrkamp, 1978, 213�229, draws attention to the `substantivierte Aussageform'(propositional form turned noun) as a basi operation in Hegel's logi, but he takes it asonverting `not' to `nothing'. Yet Being is Hegel's �rst ategory and it is, so Hegel, purethought's apaity to give itself an objet that distinguishes philosophy from the othersienes (G.W.F. Hegel, Logi: Part One of the Enylopaedia of the PhilosophialSienes (1830), trans. W. Wallae, Oxford, Clarendon Press, 1975, �17; SämtliheWerke v.8, Jubiläumsausgabe 4th ed., Stuttgart-Bad Cannstatt, Friedrih FrommannVerlag, 1964. He also (in a Zusatz) speaks of making `is' an objet of investigation(Ibid �24Z at 40; 88): �. . . Being is a pure thought-determination: yet it never oursto us to make `is' (das Ist) an objet of our investigation.�



36 valerie kerruishof prediation and abstration (objeti�ation).34 I do plae quite someweight on this beginning. Struturally, and in terms of lear aknowledge-ment of The Phenomenology of Spirit as the presupposition of a presup-positionless logi,35 this hapter sees Hegel onstruting a realm of purethought; �nding the means whereby thought an make itself its own ob-jet; an turn itself bak on itself. It is a apitalisation on the inreaseddegree of re�exivity in Kantian philosophy that turns re�exivity to self-referene with the aim of establishing the universality of thought in itsmost extensive freedom. Seen again from the perspetive of ontemporarylogi the antinomies and undeidability results of logial self-referene maybe seen as vaguely and impreisely antiipated.36I am following through here on that aspet of the standpoint of abso-lute knowing that is Hegel's idea of and for his Logi. Objetive knowingin Hegel's thought depends neither on the distintion between ontentand form harateristi of traditional formal logi nor on a proess of ab-stration appended to the ontologial view of empiriist realism (the viewthat the material given by intuition and representation is real in ontrastto the Notion) and its orrelative haraterisation of the empirial (as`onrete') over the ideal (as `abstrat'). In Hegel's eyes,[i℄n this view, [the view of empirial realism V.K.℄ to abstratmeans to selet from the onrete objet for our subjetive pur-poses this or that mark without thereby detrating from theworth and status of the many other properties and features leftout of aount; on the ontrary, these as real retain their va-lidity ompletely unimpaired, only they are left yonder, on theother side; thus it is only the inability of the understanding toassimilate suh wealth that ompels it to ontent itself with theimpoverished abstration.37
34 This interpretation of Hegel's beginning has been muh disussed with UwePetersen whose non-lassial symboli logi `in the spirit of Hegel' and whose explana-tions and guidane onerning that and other aspets of ontemporary mathematiallogi have enabled me to gain that perspetive. For a presentation of that logi: UwePetersen, `Logi Without Contration as Based on Inlusion and Unrestrited Abstra-tion' Studia Logia 64, (2000), 365�403. For my own perspetive see the Appendix tothis paper, below.
35 Ibid at 68; 71.
36 See J.N. Findlay, above p.36.
37 Hegel, above n.9 at 587; 20.



ON RE-STAGING THE UNIVERSAL 37Hegel opposes this view with the idea of abstration as a grasping of whatis essential in the `matter' with whih thought is engaged be that, in thelogial realm, itself, or in the realms of nature and spirit, the sensuousand sensuous-supersensuous material of appearane.As regards Butler's arguments: the `self' of that `itself' (what sheterms `the formal self') in the Logi, and so as a `derived' and in thatsense justi�ed onept, is the Notion in its logial form. It is neitherreduible to method nor apable of being thought without a method:ontent, form and method are inseparable; their separation is `formal-ism'. In so far as that method involves objeti�ation (`abstration' inthe ontext of mathematial logi38) it is not abstration from anything.It is onstrutive rather than redutive in harater. Butler is quite rightin moving bak to The Phenomenology to link universality (as variouslymanifested in the logial Notion) to reiproal reognition and the roleof ustomary pratie in presenting `the thinking subjet' (the Notionthat thinks as situated, embodied, soiable human individuals). Hegel in-diates this within his logial dialeti by inorporating into the Logi asetion of The Phenomenology portraying the unresolved ontradition ofself-onsiousness.39 What I think she neglets with her laim that formalthought annot remain rigorously itself without displaying the ontam-ination of the exluded onrete, is the extension of Kantian re�exivityto self-referene within a purely `logial' realm. A `doubling e�et', para-doxes and antinomies that may attend on self-referene and are e�ets ofself-referene rather than the ontamination of an exluded `onrete', isthus left out of her aount of Hegel's logial thought.In oneptual terms the loss is of the notion of `formal' of whih Hegelwrites with referene to `the formal' (das Formelle) of his logi.40 It is adi�erent oneption of `formal', or perhaps one should say it is a di�erentway of thinking `formal', from that whih inhabits the tradition of formallogi. Now ontemporary mathematial logi is no doubt a formulation offormal logi.41 In that dimension, it retains and ontinues the tradition
38 See Appendix, point 5, below.
39 Ibid at 820; 323. It is the one point, within the Logi, at whih phenomenologialand logial dialetis touh.
40 Ibid at 594; 29. And see above n.15.
41 �Mathematial logi, whih is nothing else but a preise and omplete formu-lation of formal logi, has two quite di�erent aspets. On the one hand, it is a setionof mathematis treating of lasses, relations, ombinations of symbols et instead of



38 valerie kerruishand the notion of `formal' embedded or insribed in it. But it also emergedin and as a radial transformation of the tradition. What has been broughtto the old formal logi is a method of formalisation whih, in drawing onmathematial methods and reasoning, has enased `the formal' of formallogi in a new, mathematial disipline.42 Formal logi has been takenover by mathematis. I do not laim that Hegel's onept of `formal' haswon out, not the least beause Hegel's thought ontributed nothing tothe transformation: it took plae, as I said, somewhat to the side of thatthought. But the transformation has seen both unantiipated results (an-tinomies), and new onepts (ompleteness, inompleteness, onsisteny,undeidability) whih, applying to formal systems themselves, indiatea ontent of greater omplexity than previously envisaged. Any formalmathematial logi `in the spirit of Hegel' would, in order to be a formalmathematial logi, have to be onstruted and presented in aordanewith the requirements of that disipline and be open to the harge thatit is not `in the spirit of Hegel'. Leaving that debate to the proprietaryminded, my point here is that the burgeoning omplexity of formal math-ematial logi is not inonsistent with Hegel's laim thatthis [his℄ notion of formal (dieses Formelle) must be regardedas posessing riher determinations and a riher ontent and asbeing in�nitely more potent in its in�uene on the onrete thanis usually supposed.43The oneptual loss that I am asserting here deprives theory of aquestion that an and in my view should be put to understandings ofHegel as `panlogiist', as regards its `logiist' omponent. What onep-tion of `logi' and what onrete logial system for doing logi is beingassumed?44 Seond, and as regards the `pan', I think Butler is onstrainedby her arguments to pass over Hegel's assertion of the independene of thelogial Notion from its modes of existene in nature and Spirit. Yet thisis essential to the alternative oneption of `formal' that is in question. Itnumbers, funtions, geometri �gures et. On the other hand, it is a siene prior toall others, whih ontains the ideas and priniples underlying all sienes� (K. Gödel,`Russell's mathematial logi' (1944) in Kurt Gödel, Colleted Works, vol.II, ed. S.Feferman et al, Oxford, Oxford University Press, 1990, 119�141 at 119).
42 See Appendix, point 1, below.
43 Hegel, above n.9 at 594; 29 [modi�ed translation V.K.℄.
44 Cf. Thomas Sören Ho�man, Georg Wilhelm Friedrih Hegel: eine Propädeutik,Wiesbaden, Marixverlag, 2004 at 381.



ON RE-STAGING THE UNIVERSAL 39is an independene, as onstituted, and not by the redutive abstrationinvolved in grasping what is essential to a matter in hand: not then bythe onept of abstration whih Hegel o�ers in the plae of the ritiisedKantian notion, �the sublation and redution of sensuous material to itsessene�.45 There is no suh material to be dealt with in logi. The onsti-tutive abstration is the objeti�ation. It is thus, it seems to me, that theidea that Hegel wishes to omprehend everything about everything thatexists � stones, states, situations, ontingenies, disourses, emotions,attitudes, everything � in terms of the logial Idea is ountered.Still, there is something else to the harge of `panlogiism' in thisexhange: something that the term, taken less literally or analytially,marks. I think it to involve the harge of laiming to have dedued theOne True System and I think that Hegel is in priniple ommitted to thislaim.46 Further in taking Hegel's idea of a dialetial and speulativelogial foundation of thought seriously I am assoiating myself with suha ommitment. I also think it not inonsistent, indeed dependent on,an idea of `logi' as an open dialeti of onept formation. In a worldharaterised by hangeability, whatever domains of stati truths may beestablished within it, a logi that would provide thought with the kind offoundation Hegel envisages annot seal itself into a ompleted system. If
45 �Abstrat thinking, . . . is not to be regarded (zu betrahten) as a mere settingaside of the sensuous material, the reality of whih is not thereby impaired; ratheris it the sublating and redution (das Aufheben und die Reduktion) of that materialas mere appearane to the essential, whih is manifested only in the Notion� (Hegel,above n.9 at 588; 20�1). It might be objeted that Hegel's seletion of prediation isredutive, but the plae of natural language in Hegel's philosophy is not that of `thematerial' to whih he is referring here.
46 The original harge of `panlogiism', a term oined in the early twentieth en-tury by Hermann Glokner, (as distint from `panlogism' whih is an earlier and di�er-ent harge) attributes to Hegel a form of idealism that is ommitted to a disembodied`mind' as the substane or substratum or essene of being (The Cambridge Ditionaryof Philosophy, Cambridge, Cambridge University Press, 1995 at 315). As harged byLalau, Hegel's `panlogiism' is his �projet of presuppositionless philosophy� (`Con-struting Universality' in Contingeny, Hegemony, Universality, above n.2 at 306, n.2).From his fuller disussion (in the same volume, `Identity and Hegemony' at 59f.) the�losed totality� of the absolute Idea beyond whih �no further advane is possible�, inombination with the neessary rather than ontingent nature of Hegelian transitions,seems to onstitute the gravamen of the harge. I think with Butler that the meaningof the term is very unlear. My formulation attempts to get at what atually is beingobjeted to here.



40 valerie kerruishit did, it would beome redundant or lose its harater as an organon forthe prodution of objetive insights and beome a anon of how we oughtto think: something like a atehism or diamat.In priniple; and in pratie? First a further lari�ation of the prin-iple; I am ontemplating a oneption of `logi' as an open dialetiof onept formation: a dialeti within whih the totalities (`universals')that onepts are and the totalisations over a �nite or indeed in�nite lassof partiulars (inluding onepts) that yield further `higher order' on-epts (suh as the universal equivalent in Marx's general form of value47or trans�nite numbers in Cantor's set theory48) extend, inexhaustibly, thelogial realm. But now bak to pratie; does not Hegel lose the logialrealm, exhaust it in or in the name of the absolute Idea?Yes or no: this staple of those for whom Hegel is panlogiist is like therepetition of Hegelian dialeti as a triadi movement of thesis, antithesisand synthesis.49 One an put muh sholarly exegesis against them, rustleup this reading and that reading, get into the endless, useless exhange ofharge and omplaint � misreading, misinterpretation, misunderstanding� that is the bubble-gum of aademi disourse. They do not go awayand I think they have less to do with Hegel than with questions of theommitments of those who are onvined that this is the truth about He-gel. I do not mean this dismissively. One an jump onto band wagons andperform well in urrent debates by following the fashions of philosophialand soial theoretial disourses, but one annot think freely and orig-inally without ommitments of a kind that make up the normativity oftheory. Suh ommitments need not be dogmati. They may be relativisedto take aount of ompeting ommitments and to permit pragmati mo-ments within a theoretial praxis of justi�ation and ritique. Suspensionof ommitment for the purpose of following a theory or argument mov-ing o� from di�erent ommitments is a possible and valuable tehniqueof theoretial engagement. A kind of translation between framings might
47 Karl Marx, Capital I, trans. B. Fowkes, London, Penguin, 1976 at 157.
48 An aessible aount is given in Martin Davis, The Universal Computer: theRoad from Leibniz to Turing, New York, W.W. Norton & Co., 2000 at 69�73.
49 See e.g. I. Grattan-Guinness, The Searh for Mathematial Roots: Logi, SetTheories and the Foundations of Mathematis from Cantor through Russell to Gödel,Prineton, Prineton University Press, 2000 at 72; and in a quite di�erent ontextAnne Bottomley, `Shok to thought: an enounter (of a third kind) with legal feminism'Feminist Legal Studies 2004, 12: 1�37.



ON RE-STAGING THE UNIVERSAL 41reveal that di�erenes go more to expression than substane. But all thissaid ommitments are part and parel of serious theoretial work.Hegel is ommitted to the independene of the logial realm from therealms of nature and soial and ultural life (spirit).50 It is a ommitmentto the possibility of onstituting that realm by �omplete abstration�: byan arti�e of idealisation whih I have little di�ulty in rediting, albeitas an in-priniple idea whih would need mathematial tehniques to bedoable in pratie. I have my own di�ulties with the absolute Idea andthey ome bak, as far as I an see, to the point that it is e�etively adenial of that need. Hegel's oneption of philosophy, as regards ontentand end, is one that lasses it with art and religion as distint from thepartiular sienes. But it has an elevated status within this lass onaount of its oneptuality.Philosophy has the same ontent and the same end as art andreligion; but it is the highest mode of apprehending the absoluteIdea, beause its mode is the highest mode, the Notion. Heneit embraes those shapes of real and ideal �nitude as well as ofin�nitude and holiness, and omprehends them and itself.51I �nd it hard to say what atually the stakes are here. Value? Power?Authority? Degree of abstration? All of these? More too: the geniusof those individuals who an think thus abstratly and of those peopleswhose ultural possession it is? But if this is Hegel's logoentrism and ifit is inseparable from the ethnoentrism of the historial narrative thatforms part of his thinking, I don't �nd logophobi solutions any advanein this prediament.Nor, on my reading, does Butler. Rhetori rather than logi is her tool,but just in re-staging the universal she is engaging the various oneptu-alisations of the universal in Hegel, staying short perhaps of the absoluteIdea. That is not where our di�erene lies for holiness (Heiligkeit) as at-tributed to the absolute Idea is problemati for me too. The elevationof the divine above the mundane is a �gure whih Hegel reiterates from
50 Hegel, above n.9 at 586; 18: �[T℄he Notion that is self-onsious and thinkspertains solely to spirit. But the logial form of the Notion is independent of its non-spiritual, and also its spiritual shapes. The neessary premonition on this point hasalready been given in the Introdution. It is a point that must not wait to be establishedwithin logi itself, but must be leared up before that siene is begun.�
51 Ibid at 824; 328.



42 valerie kerruishbeginning to end of his Logi. I think it ompromises the emanipatorypotential of his logial and metaphysial ideas and I think it impliated inthat lordly ontempt for slaves, tools and mahines that thinks in termsof higher and lower forms of life and disparages the merely alulative.The task, as I see it, is to get away from this �gure of elevation without,in a �t of pathos, dumping the logos into the dustbin of ultural prejudieand oneit. Again, however it is not suh pathos in whih I see Butler asindulging. My point as regards her, is rather that questioning the sieneof the logos, logi, must meet it where it is: in abstrat, formal thinking,or rather, to keep hold of di�ering notions of `formal' that I am seekingto eluidate, thinkings.Philosophy, in the tradition inaugurated by Kant � that is, philo-sophy that holds to the idea of metaphysis as the urge to think theunonditioned (or absolute, or in�nite, or totality) � adheres, not to all,but ertainly to some of Hegel's ideas if it admits the experiene of spiritin the development of mathematis and mathematial logi gained afterHegel's times.5. Questioning authorityI am thinking of authority in general in terms of e�etive power of deter-mination whih lays laim to being justi�ed. If it manages to bring thatlaim within its power, it gains a self-justifying, self-reproduing qualitywhih strengthens it to a degree suh that, at least as regards politial au-thority, the need for a standpoint from whih hallenges to a onstitutedauthority's laim to justi�ation are made is widely aknowledged. Whatof the authority of `logi'? I have reservations regarding the attributionof authority to logi. It seems to me that they strengthen a ommon andrhetorial use of laims to the logial neessity of an argument whih ne-glet the relativity of any suh neessity to a partiular system of logi.I would prefer to say that logi neither has nor needs authority, beingmerely the onsistent appliation (or onstrution) of a system of de�ni-tions, axioms and rules of inferene whih have been voluntarily adoptedfor some purpose or another. Often, I suspet, the appeal invokes, on-siously or unonsiously, a laim to the universality of lassial logiwhih I think is outmoded.



ON RE-STAGING THE UNIVERSAL 43Still, the phrase is used by Georg von Wright in asking what gives todeonti logi the authority of Logi?52 While I wonder whether, with hisapitalised and I assume, totalised `Logi', his question is quite straightfaed, he explains that what is being asked after here is a rationale forspei� priniples of a deonti logi. In his view the question demands ananswer. To give an answer, he asserts the neessity to step beyond �deontilogi itself� into disursive onsiderations of reasonableness relating normsto ends and a partiular system of deonti logi to the Standard System.The spei� issue that von Wright is dealing with � ontroversyas to whether a redution of deonti logi to alethi logi ommits the`naturalisti fallay' � makes it lear that the question of the `authorityof Logi' is set into dispute in philosophy regarding the relation betweentheoretial and pratial reason or, in the empiriist tradition, the `is�ought' ontroversy. The ground then is that of Hegel's most fundamentaldisagreement with Kant. Already in the preliminary statement of his logoswith its homage to and ritique of Kant, Hegel's point of dissatisfationis formulated. Kant's dialetial priniple is too limited.[I℄f no advane is made beyond the abstrat negative prinipleof dialeti, the result is only the familiar one that reason is in-apable of knowing the in�nite; a strange result for � sine thein�nite is the Reasonable � it asserts that reason is inapable ofknowing the Reasonable.53Whether one speaks then of the `authority of Logi' or, as does Hegel,of the `authority of reason' may not make muh di�erene. The groundtakes in the politis of theory and, as it mainly onerns me, the poli-tis of a ritial (qua emanipatory) theory that is still struggling withthe Greek heritage of post-Sorati philosophy and Aristotelian logi.On this ground, I am taking the standpoint of Hegel's `absolute' begin-ning as regards `the formal' of logi. That is to a�rm the gap betweenlogi/ontology and politis, to resist its dissolution (or `healing') in ethial
52 Georg von Wright `Problems and Prospets of Deonti Logi' in Modern Logi� a Survey, ed. E. Agazzi, Dordreht, D. Reidel, 1980, 399�423 at 408.
53 Hegel, above n.16 at 56; 54. As von Wright elsewhere points out, one is lookinghere at di�erent notions of pratial inferene. Though I would modify his formula-tion, he deftly grasps Hegel's thinking of pratial inferene as a (negleted) departurefrom both Aristotelian and Kantian paradigms (`On so-alled pratial inferene' inPratial Reasoning, ed. J. Raz, Oxford, Oxford University Press, 1978, 46�62 at 47).



44 valerie kerruishturns that take the paths of aesthetis or religion and also to resist theredution of the problem to a hegemoni politis of disourse. The latteris my basi di�erene from Butler and Lalau and to it the onstrutivemoment in formal logi is fundamental. It is that moment that establishesthe logial Notion as independent of its modes of existene in nature andin soial and ultural life and that brings pratie � here praties offormal logial dedution and inferene � into my notion of justi�ationand thus `foundation'.One a plurality of di�erent systems of logi and of ways and frame-works of reasoning is aknowledged, the possibility of hallenge to thejusti�atory laims of or assoiated with a partiular system of logi isopened. It is a spae that is espeially fragile and vulnerable to the nor-mative losures of pluralism and pragmatism. Let the standpoint fromwhih the laims of a determining power to being justi�ed are hallengedbe alled that of `the reasonable'. It ould be named after freedom or truthor justie or right, but `the reasonable' has the virtue of bringing thingsto a point. The idea I �nd in Hegel is that a self-justifying reason is alsoa self-ritial reason and not quite in the same measure. It is weightedtoward the latter as a reason that has learned the vanity of seeking toremove itself and its onepts from the play of reversals and surprises ofthe kind that Hegel traes in The Phenomenology of Spirit. These vainattempts to remove the being-at-odds-with-itself of reason from the rea-sonable are what Hegel alls `formalism' and against whih he proposes`the formal' of his logi with its `absolute' harater. The plurality of no-tions of `the universal' is now within Hegel's Logi. This is what Butlertakes up but without the further sense of the `absolute' of this formal logihaving no `outside', no `beyond'. It is a logi of onept formation withina dynami proess: the ongoing ativity of the thinking of �nite, situated,embodied beings who seek to grasp that proess in its exess, by thinkingthe in�nite. My point, to eho Hegel, is that it is least of all, `the formal',the formal notion of the reasonable, reason's self-oneptualisation, itsself-objeti�ation or extension, that should be exluded from a projetof re-staging the universal by too limited a view of abstration. The ques-tion here, to my mind, is pratial-theoretial or tehnial. What is themethod and means through whih this self-justifying/self-ritial reasonis brought to reognition of its own points of impasse? This to my mindis a question of logi, of whih logi, and of whih approah to logi.



ON RE-STAGING THE UNIVERSAL 45Let me reapitulate and then take further, the argument begun in theprevious two setions. In following Hegel in his `logial' turn of Kant'stransendental philosophy, but then looking to mathematial logi forthe method and means of implementing that turn, it seems that on�it-ing notions of `formal' are in play: the `formal' that Hegel opposes, thatwhih in the tradition of formal logi separates ontent and form, andthe `formal' whih Hegel embraes with his idea of a siene of logi. Be-ause mathematial logi does ontinue the tradition of formal logi albeitshifting its disipline and pratie from philosophy to mathematis, it isommonly thought that `looking to' mathematial logi, so far as Hegel'slogial ideas are onerned, is looking in the wrong diretion. But thisshift in disipline and pratie is ritial.Hao Wang omments that �onern with forms, the formal and for-malisation is entral to the enterprise of mathematial logi�. DisussingGödel's inompleteness theorems, he goes on to say that they brought outthe entral importane of �the interplay of the formal and the intuitiveeven though the area is devoted to the study of the formal�.54 The pointof this fous on the formal may just be, as Wang says, �to make pre-ise the onept of formal and thereby be able to reason mathematiallyabout formal systems�. Mathematial and mathematial logial pratieis pragmati. Whihever system enables the pursuit of a partiular en-deavour will be used. The deliate and foundational question here is whatlies between a pratie whih reognises the moments of indeterminationin formal reason and ideologial or normative standpoints of pragmatismand pluralism? I do not refuse the bene�t of hindsight in approahingthis question. For it is, and I use here a pragmati riterion of outome,the outome of this way of thinking, namely that it has added �a newdimension to mathematis�,55 whih makes me think that it is, despiteHegel's rejetion of mathematial methods, not in priniple alien to hisoneption of logi. It has something of the quality of a method �for theprodution of objetive insights�; a method whereby potentialities imma-nent in thought an be brought out and artiulated by thought making
54 Hao Wang, Re�etions on Kurt Gödel, Cambridge, Mass., The MIT Press, 1987at 267.
55 Hao Wang, Popular Letures on Mathematial Logi, New York, Dover Publi-ations, 1993 at 16.



46 valerie kerruishitself its own objet: by thought turning itself bak on itself by means ofitself.I say `something of' beause Gödel's result as, so far as I an see, mostof the work done in mathematial logi, is a result of and in lassial logi.It seems to be on aount of his tehnial virtuosity as a lassial, formal,mathematial logiian that Gödel managed to skirt the di�ulties whihlassial logi has with handling self-referene and deliver his surprise.My point here is just that this row of adjetives � lassial, formal,mathematial � suggests a quite partiular logial system. What hangeswhen `lassial' is dropped? I am saying that logi's disiplinary shiftand the method of formalisation that aompanied it, brings a notion of`formal' that is not wholly ontinuous with that whih Hegel was opposing.As a method, formalisation in logi and mathematis underwent adevelopment whih is inseparable from the development of mathematiallogi and from developments in mathematis in the nineteenth entury.The latter, in the later part of the entury, saw a reoneptualisation ofthe very nature of mathematis itself. From being oneived as the sieneof quantity, the appliation of mathematial abstrations to the study ofmathematial objets began to invest the abstrations with �a life of theirown�.56 By 1847, George Boole was proposing a de�nition of mathematisas a general siene of symboli aluli (semiotis). Along a di�erent path,Cantor in 1883 haraterised mathematis asin its development entirely free . . . and only bound in the self-evident respet that its onepts must both be onsistent witheah other and also stand in exat relationships ordered by de�-nitions, to those onepts whih have been previously introduedand are already at hand and established.57The theme of abstrations aquiring a life of their own is also empha-sised by Rózsa Péter (sometimes alled `the mother of reursive funtiontheory'):Man reated the natural number system for his own purposes . . . .But one reated, he has no further power over it. The naturalnumber series exists; it has aquired an independent existene.
56 Jeremy Avigad and Erih H. Rek, ` �Clarifying the nature of the in�nite�: thedevelopment of metamathematis and proof theory', Carnegie Mellon Tehnial ReportCMU-PHIL-120, 2001, 1�53 at 8.
57 Quoted from Avigad and Rek, ibid at 9.



ON RE-STAGING THE UNIVERSAL 47No more alterations an be made; it has its own laws and its ownpeuliar properties, properties suh as man never even dreamedof when he reated it. The sorerer's apprentie stands in utteramazement before the spirits he has raised. The mathematiian`reates a new world out of nothing' and then this world gets holdof him with its mysterious, unexpeted regularities.58My point here is not just to support my suggestion of disontinuitywith oneptions of the formal in the ontext of the old formal, lassiallogi. It is also to attempt to lay hold of and bring together two fur-ther thoughts. First, that Hegel's logos �the objetivity of illusion andthe neessity of ontradition inhering in thought determinations� is, asa priniple of intelligibility, one that ertainly points to the demiurgos-like harater of the ageny of pure reason, but not one whih, as Marxthought, posits the Idea as a demiurgos outside the realm onstrutedby thought thinking itself. I take Hegel, in his Logi, to be working withand within the human apaity for abstration and idealisation in on-eptual thought. The atual or ompleted in�nite, as oneived and usedby Cantor in reating his set theory, as distint from the traditional andAristotelian potential in�nite, is illustrative of the apaity for abstra-tion and idealisation to whih I refer.59 That it �rst gave rise to a theorywhih beame the fundamental disipline for the whole of mathematis; a�ompletely solid and sound� basis of mathematis as Poinaré at one timedelared,60 and then, as itself ontraditory and in leading Russell to thedisovery of his famous antinomy, aused �the whole building to rok�,61is the (dramatised) phenomenon that leads into the seond thought.As I have said, Hegel's Logi is, as regards a thinking subjet, subjet-less. But the abstrat idea of his Logi is a rethinking of the notion of ob-jetivity emerging from The Phenomenology. This idea goes hand in handwith a thinking subjet that knows itself as impliated in, not opposed tothe `objets' of its knowledge. It is the idea of a subjet onstituted in the
58 Rózsa Péter, Playing with In�nity: Mathematial explorations and exursions[1957℄, trans. Dr. Z.P. Dienes, New York, Dover Publiations, 1976 at 22.
59 The other example, used earlier, of a higher order onept, Marx's generalform of value, is di�erent in that it is a onept whih omprehends an atual soialdevelopment of praties of prodution and exhange.
60 Abraham A. Fraenkel, Yehoshua Bar-Hillel, Azriel Levy, Foundations of SetTheory seond rev. ed., Amsterdam, North-Holland Publishing Co., 1973 at 14.
61 Péter, above n.58 at 229.



48 valerie kerruishexperiene of a range of attitudes to its desires and their reversal. Thisthinking subjet is, so to speak, paused or suspended, one the logialrealm is entered. Its plae is taken by method. But the experiene of thissubjet in time is not `anelled' and that its experiene, in the math-ematial realm, is a further hapter in its phenomenology is my seondthought. Thinking the in�nite and its ontraditions, and the desire for asystem of omplete and ertain knowledge and its reversal, in the periodfrom Cantor through to Gödel, play out as variations on Hegel's theme.62As a layered narrative of the experienes of a journeying onsious-ness, The Phenomenology is a philosophial genre that resiles from anoppositional relation between narrative and oneptual disourse. TheLogi, ertainly, is inserted into the tradition of purely oneptual, thatis formal, disourse, in whih methods of abstration take the plae ofnarrative form.63 That makes for a gap between the two works and it is,I think, for this reason that the reader is asked to think twie about therelation between them by Hegel's designation of The Phenomenology asthe presupposition of a presuppositionless logi.This thinking twie, this thinking between the phenomenologial andthe logial is the ongoing demand on thought whih is my answer tothe question posed above regarding pragmatism and pluralism. It shouldnot be plastered over by words whih o�er verbal formulae in its plae,whether these are Hegel's words (`speulative proposition') or words withurrent appeal (`aporeti', `paradoxial'). Butler rests her disussion ofHegel on universality with just suh a formula.64 Gillian Rose, anotherinspiring reader of Hegel, does likewise with the repeated formulation ofthe absolute as that whih must and annot be thought.65 It is, to my
62 Like the failure of Frege's projet, Gödel's inompleteness theorems have u-rious relations with tradition and hange. As the use of mathematial methods toonstrut and investigate formal mathematial systems added a new dimension tomathematis and inreased mathematial knowledge of formal systems, it radiallyundermined the idea of foundations and the means of seuring foundations for lassialmathematis that David Hilbert, at a ertain end-point of Kantian ideas of foundation,proposed. See further, the Appendix to this paper below.
63 Hegel, above n.9 at 588; 21.
64 �The propositional sense of the opula must be replaed with the speulativeone� (Butler, above n.2 at 24).
65 Gillian Rose, Hegel ontra Soiology, London, Athlone, 1981 at 42, 92, 204. En-apsulated in this repeated and developed assertion, is the view that Hegel's philosophyhas no soial import if the absolute annot be thought, followed by the observation



ON RE-STAGING THE UNIVERSAL 49mind, the failure to inlude that experiene of spirit whih ame with theshift in the disipline and pratie of logi from philosophy to mathematisand the aompanying loss or innoene of the tools of formal logi thatonstrains them.So how does the relation in question look if it is thought twie about,now, almost two hundred years later? It is the relation between a theory ofknowledge or justi�ation and a logi. Whether and how Hegel would havetaken up and thought that reversal of Leibniz' dream whih showed upwith the appearane of antinomies and inompleteness in (some) formalsystems is and must remain a question. But to my mind, the reollet-ing totality that Hegel's journeying onsiousness knows itself to be, anhardly be thought to have learnt or to remember anything at all if itthinks its ground will not again be pulled from under its feet.That ground is Hegel's judgement regarding the means and methodfor attaining the `omplete abstration' at whih he aimed in his logi.The means is natural language. Philosophy, Hegel asserts, has the �rightto selet from the language of ommon life whih is made for the world ofpitorial thinking, suh expressions as seem to approximate to the deter-minations of the Notion�.66 The method must be taken from philosophialnot mathematial reasoning. Lalau �nds, on the �rst point, a de�nitiveargument against Hegel's logi being a logi at all.67 It is not to my pointto argue otherwise if by `Hegel's logi' is meant the onrete produt ofHegel's labours. It is Hegel's idea of and for a speulative and dialetiallogi that will take the plae of metaphysis that I am holding on to. Irejet his judgement as overtaken as regards that very purpose. For, whatemerges in mathematial logi, through formalisation, is a peuliar on-tent, peuliar limits to the `preisely de�ned' notion of the formal itself,whih tear at the very way in whih `logi' is thought: tears at its ownlassial paradigm. This is a phenomenon that so far from refuting Hegel'sidea renews the possibility of its realisation.that the absolute annot be thought beause the dihotomies of onept and intuition,theoretial and pratial reason are not transended. I owe a great deal to Rose's in-terpretation of Hegel, but I think that the juxtaposition of something that must bedone (if Hegel's thought is to be relevant and useful) and its present impossibility tooshort. It stiks in the mystery of the speulative proposition whih tries to say andunsay freedom's neessity.
66 Hegel, above n.9 at 708; 177.
67 Above n.2 at 63.



50 valerie kerruishI am following through on Hegel's thinking to a point where, to mymind, there is a parting of the ways between `philosophy' and `logi' as thelatter is now onstituted and pratied. I do not see how philosophy an bedenied the `right' whih Hegel takes it to have without losing its `self'.68And who knows what Hegel's greater ommitment was to: philosophy, hisown Dasein as philosopher and the santity of his judgement regardingmethod and means, or his idea of a new, non-lassial, dialetial andspeulative, siene of logi? If the latter, he might have blushed at aertain lak of ourage of onvition in the power of dialeti to assertitself even in so barren a realm as that of numbers; a ertain fear thatLeibniz was right and that one needs the impreision and ambiguity of anatural language to show thought at odds with itself.I am following it through to a point where it is no longer a ques-tion of what Hegel thought or intended, but following it through on justthat aspet of his idea of thought's logial foundation that is tied to theexperiene of spirit. The hek, that whih holds the absolute in Hegel'sthinking of it away from the banality of absolutism, is that experiene.Should one say then that the reasonable, reason's fetish form, drawn bakinto this proess, is endlessly, in�nitely revisable? In time I think so. Butthe thought here, and this is where `fetish' is a misnomer, is the idea of alogi whih as reasonable must also be atual: a presented system satisfy-ing the demands of what is urrently known of the disipline and pratieof logi. Here Hegel failed, on his judgement and aording to the demandhe himself plaed on the reasonable.That is not to say, on the basis of a di�erent judgement as to meansand method, that his idea of a dialetial and speulative logi and the no-tion of thought's logial foundation that thinks between the phenomeno-logial and the logial has failed or must fail or an only sustain itselfin failing. It is to a�rm the objetivity of illusion and the neessity ofontradition inhering in the determinations of thought as the prinipleof intelligibility of objetivity and neessity. It is also to argue for set-ting the formal siene of this logos against the tendeny of onstitutedand instituted power to bring the justi�ation of its determinative powerwithin the ambit of that power.
68 Cf. Jean-Lu Nany, Hegel: the restlessness of the negative, trans. Jason Smithand Stephen Miller, Minneapolis, University of Minnesota Press, 2002, esp. 19�24.



ON RE-STAGING THE UNIVERSAL 51In the Appendix, I attempt to ommuniate something of what, asan interdisiplinary researher, I understand of the disipline and pra-tie of formal mathematial logi. Here I make the plea that motivatesthis paper. It should be lear that what ounts as logial neessity is notindependent of the idea of logi involved and gains a formal but onretesense in a system of logi. It is not only Hegel who rests neither with anabstrat idea nor with the urrently ruling paradigm. What logi is bestsuited to whih sienti� or tehnologial endeavour is a question thatis not strange to ontemporary logial pratie. May it not also be askedwhih logi is best suited to the endeavour of oneiving objetive thinkingfrom the premise that objets that are apprehended and omprehendedby thought, whatever their genesis and orporeality, are formed by a sub-jetive ativity?69 And further: is lassial logi suited to reasoning whihkeeps aount of its assumptions from the perspetive that an assump-tion, one used in an at of inferene might, like a dollar spent, be so tospeak, used up and no longer available in the new situation thought �ndsitself in?70 No doubt there are many reasons for the ontinuing hegemonyof lassial logi in both its philosophial and mathematial presentationsand some may be `good reasons' for what that is worth. It seems to methat sine what ounts as a `good reason' must fall under the onept ofthe reasonable inhering in the way of reasoning formalised in a logi, itis worth very little without the kind of srutiny given to the Idea of thegood that di�erentiates Hegel's notion of pratial inferene from that ofAristotle and Kant, and from pragmatist and neo-pragmatist approahesto justi�ation. Mathematis and mathematial logi has found a free-dom in its forms of abstration and idealisation that an mehanise andsimulate itself in some degree. This is the present and there are no godsoming to save us from proprietary abuse of this power. Intervening intothis situation, taking responsibility for it, resisting the impotene of beau-tiful souls and the indi�erene of `hard nosed pragmatists' who are quiteontent with the urrent balane and ondut of power in the world, alls
69 It should not be assumed that I am dismissing the pertinene of psyhoanalysisand psyhoanalyti theory to this question. On the ontrary, I see that as also emergingthrough the experiene of spirit following Hegel's times. My fous however is on thenotion of objetivity. I would hope that the launa of fous oming from the demandsof interdisiplinarity as I apprehend them might be met by ollaborative work.
70 See the Appendix to this paper, point 3, below, for the bakground of thisquestion.



52 valerie kerruishthe humanities `on the left' to take heed of oneptions and praties offormal logi.As things now stand, so far as oneptions of logi are onerned, Ihave ome upon this:[f℄or us now, in the last quarter of the twentieth entury, thenature of logi � that is, of the disipline of formal, dedutivelogi � is very largely unproblemati: it is a pure siene de-voted to the investigation and odi�ation of relations of dedu-tive onsequene holding between sentenes, or perhaps betweenthe thoughts or propositions they express. And in this onne-tion we understand the need to distinguish (proof theoreti) re-lations of syntati onsequene and (model theoreti) relationsof semanti onsequene; there is a general onsensus as to howissues onerning, say, formal shemata, aluli, interpretation,truth, validity, onsisteny and ompleteness are related one tothe other, and today we an be learer than ever before abouthow, if at all, the subjet matter of logi is related to that of theother disiplines like psyhology, mathematis, set theory, ontol-ogy, epistemology or linguistis.71Clarity, preision and mastery of the nature of logi to hand! Hurrah for`us' ! And this:In reent years we have witnessed a very strong and fruitful in-teration between traditional logi on the one hand and om-puter siene and Arti�ial intelligene on the other. As a re-sult, there was urgent need for logi to evolve. New systems weredeveloped to ater for the needs of appliations. Old oneptswere hanged and modi�ed and new onepts ame into promi-nene. The ommunity beame divided. Many expressed them-selves strongly, both for and against, the new ideas. Papers wererejeted or aepted on ideologial grounds as well as on tehnialsubstane.In this atmosphere it seemed neessary to larify the basionepts underlying logi and omputation, espeially the verynotion of a logial system.72
71 David Bell, Husserl, London and New York, Routledge, 1990 at 87.
72 Dov M. Gabbay, Prefae to What is a Logial System, Oxford, Clarendon, 1994at v.



ON RE-STAGING THE UNIVERSAL 53Disharmony and dissent � ideology no less! � among workers in the�eld. And this:[s℄ine the time of Hilbert, no new foundational sheme has beenproposed. Certainly people know too muh to present a naiveontology of mathematis (and perhaps not yet enough to presenta really hallenging explanation of mathematial ativity).73And:[i℄t has been a long time sine philosophy stopped interatingwith logi . . . .74Whih latter omment is what, were it possible, my plea would hange.APPENDIXNon-expert observations of mathematial logiThe following makes something of the perspetive of mathematial logithan I have gained as an interdisiplinary researher available to thereader. It is bound to be a bit of a mess: a translation of methods andideas from a disipline that has, from a ertain neessity of abstration,�gone beyond words�, bak into words! It is an absurd undertaking in itsway. But I want to underline the sense in whih this �eld, if tehnial, isalso mundane: not mysterious, not a �more than human possession�.75 Ialso want to indiate a path taken into this �eld that is quite di�erentfrom the standard introdutions and undergraduate ourses.1. Formalism: In mathematial logi, `formalism' is a term ommonlyapplied to the produt of a partiular method of formalisation that devel-oped as part of the emergene of the new disipline. In general, the term`formalism' is synonymous with a range of other terms: alulus, formalsystem, formal theory, formal mathematis. In so far as formalisation isa general method, thus part and parel of mathematial logi, this sense
73 Jean-Yves Girard, Proof Theory and Logial Complexity v.I, Napoli, Bibliopo-lis, 1987 at 38.
74 J.-Y. Girard, `On the Meaning of Logial Rules I: Syntax Versus Semantis' inComputational Logi, ed. Ulrih Berger and Helmut Shwihtenberg, Berlin, SpringerVerlag, 1999, 215�272 at 216.
75 Hegel, above n.16 at 34: iting Aristotle on logi.



54 valerie kerruishof `formalism' is not negatively onnoted. The ontribution to methodsof formalisation made within the Hilbert shool in the �rst deades ofthe last entury, and the proof theory or metamathematis it established� the logi of logi, as it has been alled76 � has been a fous of myresearh.The method of formalisation developed in this shool, proeeds, bymeans of a �ompletely symboli language�, through formal axiomatisation(whih renders the primitive terms of the theory meaningless), to divestall other words used in dedutions of their meaning, so as to yield anexhaustively de�ned `objet theory' (or `formalism') for purposes of study.The formalisation and study of its produt is done from within an informalmetatheory.77 Its point, so far as Hilbert's program was onerned, was toprove the onsisteny of the objet theory (some part, eventually, Hilberthoped, all of lassial mathematis) by metamathematial means whih,in being restrited to wholly unontentious methods (so making no useof disputed rules suh as tertium non datur) would be e�etive to seurethe objet theory (whih might make use of suh rules).Thus proof theory or metamathematis was developed as means toa partiular justi�atory end, roughly, to plae all of mathematis on aneo-Kantian (methodologisti) foundation that would seure its aom-plishments (prinipally set theory) and `the right' to use priniples of las-sial logi in mathematis. The method in Gödel's hands, helped ratherto undermine that aspiration. In one way of looking at it, it ould be saidthat the master's tools were indeed used to dismantle the master's house.Without that proedure this proof would not have been possible and withthis proof the last grand theory of foundations of mathematis, that isfoundations of the kind that guarantee the truth of existing mathemati-al knowledge, ollapsed. The demands on presentation of a formal logialsystem remain. ThusA system of symboli logi must begin with a list of unde�nedsymbols, a list of formal axioms, and a list of rules of inferene.78
76 J.-Y. Girard, above n.73 at 10: but perhaps more helpfully �Proof theory =logi from a syntati viewpoint� (ibid).
77 Drawing on Stephen Cole Kleene, Mathematial Logi, New York, Dover Pub-liations, 1967 at 198f.
78 A. Churh, `The Rihard Paradox' Amerian Mathematial Monthly 41 (1934),356�361 at 356.



ON RE-STAGING THE UNIVERSAL 55That is to say the system is ommuniated by presentation of a �preisestatement of the syntax of the formalism�79 It will not be presupposition-less, but it may be the endeavour of setting up a formal logial systemto both minimise assumptions and make them expliit as axioms, de�ni-tions or preisely formulated rules of the system. One ould then say, thatonstruting a logial system has the harater of onstruting a game.In foundations of mathematis, as distint from the broader ontextof mathematial logi, `formalism' has a di�erent sense. It may be applied,approvingly, disapprovingly or neutrally to a theoretial standpoint withina debate preipitated by the emergene of antinomies and paradoxes atvery basi levels of logi and set theory that took plae in the early deadesof the last entury. In this ontext, `formalism' and `formalists (Hilbertshool), `logiism' and `logiists' (Frege, Russell and Whitehead) and `in-tuitionism' and `intutionists' (Brouwer and Heyting) entered the lists ofthe kind of normative or ideologial debate familiar in other theoretialendeavours.80 The heat seems to have gone out of these debates fromabout the 1930's, although foundations of mathematis remains as anarea of researh. My impression is that the �eld expanded so onsiderablyfrom the 1930's as to overtake these debates.2. Strutural rules, logis and logial pratie. Classial logi, whilehaving been so radially transformed as to warrant the distintion be-tween formal (philosophial) and symboli (mathematial) logi,81 main-tains itself within the tradition of Aristotelian logi. It an be presentedin terms of di�erent axiom systems and rules and is expressible in variousaluli, eah of whih is fully translatable into any other. In some suhaluli (Gentzen sequential aluli) axioms are replaed by rules for the
79 K. Gödel, `Russell's Mathematial Logi� in The Philosophy of Betrand Russell,in ed. P.A. Shilpp (Library of Living Philosophers 5) La Salle, Illinois, Open CourtPublishing, 1949 at 126.
80 Although somewhat tehnial, and although historians of mathematial logiare now writing more �nely tuned aounts of these debates, I think S.C. Kleene'slassi text-book Introdution to Metamathematis, Groningen/Amsterdam, Wolters-Noordho� Publishing/North-Holland Publishing Company, 1972, Ch.III a readableintrodution.
81 While Leibniz is an anestor �gure, the transformation began in the mid-nineteenth entury with the work of Boole and the algebraists, gaining impetus anda somewhat di�erent diretion with Frege's Begri�sshrift (1879). The two streamsmerged in the 1930's. See Jean van Heijenoort `Logi as Calulus and Logi as Lan-guage', above n.25.



56 valerie kerruishintrodution of logial onstants (`operational rules') and rules of a dif-ferent type, ommonly termed `strutural rules'.82 The types of rules arelearly distinguishable. The strutural rules ontain no logial onstants(`and', `or', `if . . . then' et.) and an be seen as governing the handling ofassumptions only, in one of Gentzen's aluli.Commonly, just four strutural rules are listed. They embody prop-erties of the deduibility relation in lassial logi whih are built into itprior to what may otherwise be regarded as its `ontent', the logial on-stants. Non-lassial logis may well inlude some of the strutural rules,but a distinguishing feature of lassial and non-lassial logis is that thelatter give up one or more of the strutural rules whereas lassial logiis a singular edi�e. There is one and only one lassial logi (althoughit is di�erently presentable and an be expressed in a variety of aluli)and it employs all of the strutural rules. The �eld of mathematial orsymboli logi is thus divided between lassial and non-lassial (intu-itionisti, many valued, quantum, dialethei, dialetial, relevant, a�neand others) logis. There are, ertainly, polemial exhanges aross thatborder. Apart from anything else, what is and is not `logi' might be madean issue here.83 But pratie in the �eld sees logiians (and applied logi-ians suh as theoretial omputer sientists) employing whihever logisuits their purpose and regarding that as doing `usual logi'. Here, as else-where, pluralism may be advoated as a favoured ideology. If so it looksto me as if the `logi' debate is onduted on the familiar terrain of debatebetween `onservatives' and `liberals'.3. Contration: One of the strutural rules that is of partiular interestin the onstrution of a dialetial and speulative mathematial logi, hasreently beome the objet of quite some ativity in theoretial omputersiene. This rule (with the usual variability of terminology) is alled
82 Gerhard Gentzen, `Untersuhungen über das logishe Shliessen', Mathematis-he Zeitshrift 41 (1934), 176�210 and 405�231. Translated by M.E. Szabo in TheColleted Papers of Gerhard Gentzen, Amsterdam and London, North-Holland Pub-lishing Company, 1969.
83 Quine for example, with referene to Gödel's proof of the ompleteness of �rst-order prediate logi says: �This alulus [logi℄ is the basi department of modernformal logi; there are some who even equate it to logi, in a defensible narrow senseof the word�. W.V. Quine, `Kurt Gödel' in Theories and Things, Cambridge, Ma.,Harvard University Press, 1981, 143�147 at 143. Terminology here is onfusing sine`alulus' an be used to mean both a system of logi and its symboli expression.



ON RE-STAGING THE UNIVERSAL 57`ontration'. What it allows an be seen as dropping an assumption ina proof where that assumption has been used more than one. Standingbehind this permission is an assumption of the re-usability of assumptions,or in other words, having an assumption one is as good as having it twieor more. Sine `resoure onsiousness' or `good aounting' are desirablein onstruting systems of logi suitable for omputing (given pratiallimitations of time and memory) logial systems whih drop ontrationhave been devised.84As I understand ontration, in the reasoning that lassial logi for-malises, the possibility that assumptions may be used up in the `at'of inferene is exluded. Perhaps here something of the Hegelian spiritglimmers: a dynami spirit for whih, following an inferene (transition),things are not just as before.4. Bivalene and its Restrition: Perhaps this treatment of assump-tions, in being onsistent with ideas of unhangeable, eternal truths, sup-ports these ideas and the ideal of truth abstrated from them. Perhaps itgoes the other way, i.e. perhaps the rule is a formalisation of that ideal.Perhaps it goes both ways. I want to move on from here to the spei�meta-logial assumption of lassial logi itself, namely the assumption ofbivalene, or truth-de�niteness, or more fully of the validity of either�orreasoning as applied to the truth values, true and false. As Quine puts it:Bivalene is a basi trait of our lassial theories of nature. Ithas us positing a true-false dihotomy aross all the statementsthat we an express in our theoretial voabulary, irrespetive ofour knowing how to deide them. In keeping with our theoriesof nature we have viewed all suh sentenes as having fatualontent, however remote from observation. In this way simpliityof theory has been served.85Quine's purpose, in this artile, is to point out the `prie' of bivalene.�We stalwarts of two-valued logi� he writes,
84 This is a tehnial area to whih I know no introdution that is readable withoutspeialist knowledge. The phrase �resoure onsious� is taken from A.S. Troelstra,Letures on Linear Logi, Stanford, Center for the Study of Language and Information,1992 at 1.
85 W.V. Quine, `What Prie Bivalene' The Journal of Philosophy LXXVII(1981), 90�95 at 94.



58 valerie kerruishbuy its sweet simpliity at no small prie in respet of harboringof undeideables.86The prie, apparently, gives value for money: dedutive power. Clas-sial logi remains hegemoni. Its main rival, intuitionisti logi, thoughannouned as a revolution,87 turned out to be a rather moderate (anduseful) reform.88 But my point here is that this meta-logial assumptionan be and is restrited in many non-lassial logis. That is to say itsuniversality is reigned in from all to some sentenes. Or if logial bivaleneis oneived as inherently universalist, then one would say it is given up,abandoned. It does not then follow that there are no sentenes whih arenot either true or false in logis whih restrit bivalene. Bivalene maybe provable for some sentenes by the logi in question. With suh anabandonment, aompanied by an abandonment of the ontration rule,one gets a `ontration-free' logi within whih a ertain form of ontra-dition (e.g. `If A then not-A and if not-A then A') does not `trivialise'the system (as does e.g. `A and not-A'), that is, allow anything and ev-erything to be proved by it. Again, the implementation of these ats ofabandonment in a system of non-lassial logi, takes shape in the pre-sentation of the system. To William Rash's playful question �To what isthe law of exluded middle subjet?�89 my non-playful answer is: srutinyand the possibility of being dropped!5. The abstration axiom, antinomies and inompleteness: Dedu-tive power has been met. A formal logial system is also haraterised bymore or less expressive power. An abstration axiom is basially a formal
86 Ibid at 91.
87 By HermannWeyl: see Davis, above n.48 at 96; see also Constane Reid, Hilbert,Berlin, Springer-Verlag, 1970, Ch. XVIII.
88 The translation of a meta-logial assumption into theorems or rules of infereneof a formal logial system is a triky business. Intuitionisti logi `gives up' exludedmiddle (or double negation whih is equivalent to exluded middle within intuitionistilogi), and it may be said that, in a ertain sense, ontration is restrited, beause onlyone well formed formula is allowed in the suedent of a Gentzen sequent. But a wellformed formula aording to a shema `not-(A and not-A)' (exluded ontradition)is deduible in intuitionisti logi. Some ingenious �ddling about with axiom systemsand it turns out to be no less dedutively powerful than lassial logi. The moral hereis that it does not give a lot of purhase on formal systems to talk about them in termsof the names traditionally given to priniples of lassial logi.
89 William Rash, Sovereignty and its Disontents: On the Primay of Con�itand the Struture of the Politial, London, Birkbek Law Press, 2004 at 89.



ON RE-STAGING THE UNIVERSAL 59axiom of onept formation and gives expressive power to systems inlud-ing suh an axiom. In natural languages with a subjet�prediate stru-ture, the onstrution of an objet from a prediate, as in, for example,a move from `is red' to `redness' is illustrative of the operation permitted(`objeti�ation'). It enables prediation of an objeti�ed prediate, suhas `redness'. That is, something further an be prediated of `redness'whereas `is red' annot be used as a subjet. Hene the usefulness of therule. With an unrestrited abstration axiom one has unlimited expres-sive power. Historially, its employment goes bak to Frege; to his logiistprojet of reduing arithmeti to logi and his onstrution of the idealalulus for that purpose, that is, (roughly! the tehnial details of Frege'ssystem were otherwise given) lassial prediate logi with abstration ax-ioms. The drawbak is, as the failure of Frege's projet showed, that insome ases, of whih Russell's lass is the lassi example (the lass oflasses that are not members of themselves), when used in onjuntionwith lassial logi, an abstration axiom leads diretly into full blownlogial antinomy.In lassial logi, the abstration rule is therefore severely restrited,although it is not given up.90 But in a ontration-free logi, there isno passage from a ontradition appearing in the form `If A then not-Aand if not-A then A' to the form of ontradition `A and not-A'. Thereis thus no need to restrit abstration and suh logis are said to allowunrestrited onept formation or unrestrited abstration. When dealingwith an objet like Russell's lass in suh a logi, one will end up not withlogial antinomy but with an `undeidability' result.An undeidability result: the undeidability result that passes so manylips, Gödel's inompleteness theorem, is derived in lassial logi for on-sistent, formal theories (or axiom systems) ontaining some arithmeti.The �rst inompleteness theorem establishes that there is a sentene inthe language of the theory in question, whih is neither provable norrefutable in that theory. It is (roughly) a sentene that says of itself thatit is unprovable. The seond theorem shows that the onsisteny of thesystem annot be proved within the system. What suh results `mean'
90 The development of type theories as a means of avoiding suh antinomies with-out entirely abandoning abstration, is part of the history of mathematial logi. Typetheories remain a feature of ontemporary lassial logi as one means of speifyingrestritions on abstration. There are also other, less restritive, means.



60 valerie kerruishphilosophially is ontested. It has been taken as an �exellent and beau-tiful example� of Hegelian dialeti91 and it has been taken as a deisiverefutation of Hegel.92 I take it as an event of whih the surprise is thata ertain proposition is provable within the system for eah and everynatural number but is neither provable nor disprovable for the totalityof all natural numbers. I fear that those who believe or even know thatbanning `totalities' or `losed totalities' is the way to deal with the threatof totalitarian politial systems, will see my surprise as very naive. It is arisk I take.

91 J.N. Findlay, above p.36; Findlay's interpretation is baked by the truly remark-able aomplishment of a natural language version of the proof of the �rst theorem thatappeared just twelve years after publiation of Gödel's paper (J.N. Findlay, `Goedeliansentenes: a non-numerial approah' Mind LI (1942), 259�265).
92 J.M. Bohenski, `The general sense and harater of modern logi' in Agazzi,above n.52, 3�14 at 14.



Philosophial Sanity, Mysteries of theUnderstanding, and Dialetial LogiValerie Kerruish and Uwe Petersen
Abstrat. Hegel's Logi, it is said, makes laims of a big order;laims whih, as far as modern logi is onerned, annot be up-held. Against this, the authors maintain that it is modern logiitself whih has not ome to grips with the very problems whih lieat the bottom of Hegel's speulative philosophy and whih showup in modern logi as paradoxes, inompleteness, and undeidabil-ity results. This paper is a plea for taking advantage of the failureof Frege's original oneption of (higher order) logi for the devel-opment of a dialetial logi. It aims, in partiular, at a youngergeneration of Hegel students, who are neither aught in the par-adigm of logi as truth funtional, nor rejet wholesale dedutivemethods as inappropriate for the purpose of formulating a logiwhih aims at apturing its own fatual ontent. The authors sug-gest that lassial logi is to be given up in favour of a so-alled`substrutural logi' whih allows for unrestrited abstration. Un-restrited abstration, by way of its apaity to reate all forms ofself-re�exivity, is the soure of an abundane of strange phenomenawhih lend themselves muh better to Hegel's dialeti than to thedogmas of the understanding.1. Hegel's Kantian LegayThe point of Hegel's idea of a �rst philosophy that is at one a logi,metaphysis and ontology is to establish a logial foundation of thought-forms. In this he an be said to repeat Kant's question: how an subjetiveonditions of thought have objetive validity.1 Certainly, he sees Kant ashaving begun to turn metaphysis to logi. This turn however, and also itsfurther development by Fihte, remained for Hegel seriously inomplete.

1 Immanuel Kant, Critique of Pure Reason, trans. by Norman Kemp Smith (Lon-don: Mamillan, 1933), pp. 120�124. 61



62 valerie kerruish and uwe petersenThe ritial philosophy did already turn metaphysis into logi,but for fear of the objet it, like the later idealism . . . gave thelogial determinations an essentially subjetive meaning (Bedeu-tung); thereby they remained at the same time a�ited with theobjet they had �ed, and a thing-in-itself, an in�nite impetus,remained with them as a beyond (SW v.4, p. 47; SL, p. 51).2Hegel's idea then was to omplete this turn by reoneiving Kant's thing-in-itself as an abstration or extension of reason: as the Reasonable.Unlike Kant, who in his Prolegomena to any Future Metaphysis de-lares that only Hume's doubts �an be of the smallest use� ' in the �per-fetly new� siene of metaphysis he had established,3 Hegel's idea ofmetaphysis is not on�ned to the epistemologial onerns of modernphilosophy but also draws in the onerns of anient and medieval meta-physis with ontent and substane.The objetive logi . . . takes the plae of the former metaphysis. . . � If we show onsideration for the last form of the develop-ment of this siene, then �rstly it is immediately the ontology,the plae of whih is taken by the objetive logi, � the partof that metaphysis whih was meant to investigate the natureof the ens in general . . . But then the objetive logi also om-prises the remaining metaphysis in so far as this attempted tograsp with the pure forms of thought partiular substrata, ini-tially taken from �gurate oneption (Vorstellung), the soul, theworld, God . . . (SW v.4, pp. 64�65; SL, p. 63).Logially dealt with, aording to Hegel, these forms of thought are freedfrom their submergene in self-onsious intuition and its substrata in `�g-urate oneption' (Vorstellung), that is, oneption that is reliant on themyths and metaphors of sensuous pereption.4 Pre-Kantian metaphysis
2 All quotations from Hegel are our translations, based on the fourth edition ofthe Jubiläumsausgabe of Hegels Sämtlihe Werke (Stuttgart-Bad Cannstatt: FriedrihFrommann Verlag, 1961�8) ited hereafter as `SW ' v. followed by the initials of theEnglish translations noted. Here: Siene of Logi, trans. by A. V. Miller (AtlantiHighlands, NJ: Humanities Press International, 1969). Cited hereafter as `SL'.
3 Immanuel Kant, Prolegomena To Any Future Metaphysis That Will be Ableto Come Forward As Siene, trans. by Paul Carus, rev. by James W. Ellington (In-dianapolis: Hakett Publishing Company, 1977), p. 7.
4 �The myth is always a presentation whih uses sensuous mode, introdues sen-suous pitures, whih are suited for the presentation, not to the thought; it is an



PHILOSOPHICAL SANITY 63(though not, in their speulative moments Plato and Aristotle) omittedto do this and onsequentlyinurred the just reproah of having employed these forms withoutritique, without a preliminary investigation, if and how they wereapable of being determinations of the thing-in-itself to use theKantian expression or rather of the Reasonable. The objetivelogi is therefore the true ritique of them a ritique whih . . .onsiders them themselves in their spei� ontent (SW v.4, p. 65;SL, p. 64).Reonstrution of the objet, within a philosophial ontext in whihhistorially it has been plaed over against the subjet entails reonstru-tion of the idea of subjetivity. Hegel's logi ontains a third part, thedotrine of the Notion whih he terms `subjetive' in the sense of beingonerned with the subjet itself: not the human subjet but the livingbeing of reason. In terms then of ideas of the subjet and the subjetiveas opposed to the objet and the objetive, Hegel's logi is subjet-less. Itis not a phenomenology of spirit or onsiousness. It is, or rather laimsto be, a demonstration of how, taking nothing from outside, the totalityof all determinations of pure thought, is derivable. In this, the siene oflogi takes a irular path whih leads bak to Being. This starting pointhowever, is now enrihed. It has been disovered that it ontains all thatsueeds it within itself. It has been `ensouled by the method' and atsnow to onstitute the beginning of and for a new siene.By dint of the demonstrated nature of the method, the sienepresents itself as a irle oiled in itself, into the beginning ofwhih, the simple ground, the mediation oils bak the end; inthe proess this irle is a irle of irles ; for every single link,as ensouled by the method is the re�etion into itself, whih, inreturning into the beginning is at the same time the beginning of aimpotene of the thought, whih does not yet know for itself how to hold on to it-self, get by with itself. The mythial presentation, as older, is presentation where thethought is not yet free: it is pollution of the thought by sensuous form; this annotexpress what the thought wants. It is appeal, a way of attrating, to oupy oneselfwith the ontent. It is something pedagogial. The myth belongs to the pedagogy ofthe human rae. When the notion has grown up, it is no longer in need of it.� SWv.18, pp. 188�9; G.W.F. Hegel, Letures on the History of Philosophy (hereafter itedas `LHP ') v.2, trans. by E. S. Haldane and Franes H. Simon (Linoln: University ofNebraska Press, 1995), p. 20.



64 valerie kerruish and uwe petersennew link. Fragments in this hain are the individual sienes, eahof whih has a Before and an After, or, more stritly speaking,only has the Before and in its very own ending shows its After(SW v.5, p. 351; SL, p. 842).This `simple ground' is not, as in Kant, the transendental unity ofappereption or, as in Fihte the ego or `I'. It is logial abstration in thesense of passing from a prediate to its extension � a sense of abstra-tion ommonly termed `rei�ation'. Outrageously, Hegel's logial projetlaims to �nd within and by means of speulative reason, a logi that isnot just a anon of judgements but an `organon for the prodution of ob-jetive insights' (SW v.5, 23; SL, 590). That is to say Hegel's logi laimsnot only to be truth preserving but to be truth generative. It involvesnothing less than an attempt to derive from within thought, not only thevalidity and value of its ategories for `objetive truth' (pae Kant) butalso their substane and ontent.In the fae of the modern transformation of logi into an essentiallymathematial disipline, is it open to read Hegel's logi as a logi? IfHegel's logi annot be read as a logi then either a methodologisti(neo-Kantian) or broadly hermeneuti interpretation must be the bestinterpretive bet. Yet thinking about thinking, is evidently self-referential.Some will say that we `ought not' engage in so silly an enterprise. Suhis Carnap's dotrine of the �onfusion of spheres�,5 strongly modelled af-ter Russell's simple theory of types. But there is still the possibility thatthe ontraditions and paradoxes of self-referene have epistemologialsigni�ane and it is this possibility that we want to open and leave open.If Hegel's idea of his own philosophy as grounded in a speulative logiis dismissed, then he will be interpreted within a framework of thoughtfor whih lassial logi ontinues to play its partiular truth preservingrole. This role is premised on truth de�niteness, that is the validity ofeither-or reasoning as applied to the truth values true and false.6 Farfrom regarding this form of reasoning as anonial, Hegel links it to the
5 Rudolf Carnap, The Logial Struture of the World. Pseudoproblems in Philo-sophy (London: Routledge and Kegan Paul, 1967), pp. 53�54.
6 In other words, the assumption that every losed sentene takes exatly one ofthe truth values true or false. Cf. n. 34 on p. 37 below regarding Pinkard's `Reply toDuquette'.



PHILOSOPHICAL SANITY 65Dogmatism of pre-Kantian metaphysis and laims to be dediated tobreaking up its stases.The struggle of reason onsists in that, to overome that whihthe understanding has �xated (SW v.8, � 32Z; En).7This does not neessarily entail a denial of the validity of suh reasoning,at least within a limited sphere. Hegel makes a distintion, within thought,between speulative reason and the understanding and he both assignseither-or reasoning to the latter and subordinates it to reason.The theorem of the exluded middle is the theorem of the de-terminate understanding whih wants to keep the ontraditionaway from itself, and in so doing ommits the very same (SWv.8, � 119Z; En).The understanding is an essential moment of thought but, and not theleast beause of formal onstraints of its valid exerise, Hegel does notregard it as adequate to philosophial ognition of truth. The mystery forthe understanding is its own role.The distintion between reason and the understanding is taken overfrom Kant, who had re�ned and extended use of the term intellet (Ver-stand) in the Wol�an shool to apply to the general faulty of ognitionas distinguished from ratio (Vernunft), or the power of seeing the on-netion between things. Reason, for Kant, as a faulty of priniples, itselfreates onepts, or more stritly Ideas, that are transendent, that isare not taken from the senses via intuition (Anshauung) or from theunderstanding whih gives oneptual unity to intuition through the ap-pliation of its pure forms, the ategories.8 Hegel's notion of reason, inits departure from Kant, is fundamental to the issue between them. Hedoes not depart from Kant's idea that reason, as the faulty of the unon-ditioned, that is, thought in its metaphysial exerise, seeks the totality,the unonditioned, the Idea.It was only by Kant that the distintion between Understandingand Reason has been pointed out deisively and determined insuh way that the former has as its objet the �nite and ondi-tioned, and the latter the in�nite and unonditioned. Although it
7 Hegel's Logi: Part One of the Enylopedia of the Philosophial Sienes, trans.by William Wallae (Oxford: Clarendon Press, 1975). Cited hereafter as `En'.
8 Wallae, `Notes and Illustrations', En., p. 310.



66 valerie kerruish and uwe petersenis to be reognized as a very important result of the Kantian phi-losophy that it has asserted the �nitude of the merely empiriallybased knowledge of the understanding and desribed its ontentas appearane, it is still not to be stopped at this negative resultand the unonditionedness of the reason is not to be redued tothe merely abstrat, the di�erene exluding, identity with itself.. . . The same then also applies to the Idea, on whih Kant didbring bak honour insofar as he vindiated it in ontrast to theabstrat determinations of understanding or even merely sensu-ous representations (the like of whih one may well be in the habitof alling ideas in ordinary life) of the reason, but with regard towhih he likewise stopped with the negative and the mere ought(SW v.8, � 45Z; En).Where Hegel does depart from Kant onerns the priniples for reason'sexerise. These priniples are the onern of Kant's transendental logiand of Hegel's dialetial or speulative logi.2. Hegel Interpretation and Logial IlliterayIt is one thing for an Hegelian or neo-Hegelian sholar faed, as a philoso-pher or soial theorist without atual ompetene in modern logi,9 withthe still powerful and still dominant paradigm of lassial logi, to takethe path of prudene and read Hegel's logi as a form of hermeneutis oras a logi in the broader sense of a method and manner of reasoning.10Here at least Hegel's distintion between understanding and reason anbe preserved. It is another thing to say that modern logi has ruled outthe very value and sense of this distintion as Hegel oneived it, andwith that any `sane' aknowledgement of the ritique of understanding orre�etive reason from whih Hegel's idea of speulative reason proeeds.This seond alternative is proposed by Allen Wood. Hegel's ethial theory,
9 By whih we mean the ability to arry out proofs in logi, not just to ite results.
10 This position is taken, for instane, in Terry Pinkard, `A Reply to David Du-quette', in Essays on Hegel's Logi, ed. by George di Giovanni (New York: New YorkUniversity Press, 1990), pp. 19�20 (ited hereafter as `Reply to Duquette'): �First, Iwant to argue that Hegelian dialeti does not hallenge ordinary logi. Seond, I wantto suggest at least that Hegel's Logi should not to be taken stritly as a logi at allbut only as an understanding of philosophial explanation.�



PHILOSOPHICAL SANITY 67in his view, has great merit if only it is taken �as philosophial sanity�judges most promising: in �the understanding's way�.Viewed from a late twentieth-entury perspetive, it is evidentthat Hegel totally failed in his attempt to anonize speulativelogi as the only proper form of philosophial thinking. . . . Whenthe theory of logi atually was revolutionized in the late nine-teenth and early twentieth enturies, the new theory was builtupon preisely those features of traditional logi that Hegelthought most dispensable. In light of it, philosophial sanity nowusually judges that the most promising way to deal with the para-doxes that plague philosophy is the understanding's way. Hegel'ssystem of dialetial logi has never won any aeptane outsidean isolated and dwindling tradition of inorrigible enthusiasts.11It is ertainly hermeneutially odd for an interpretation of Hegel'sethial thought to be made within a way of thinking that exludes theunderstanding of philosophial thought whih he was attempting to om-muniate. The `understanding's way' is an ambiguous phrase. We wouldnot however, and for reasons whih will shortly beome apparent, pressany norm of hermeneuti method here to the point of prosribing suhendeavours. It is not just a uriosity that analyti philosophers keep onproduing `sympatheti' interpretations of writers and texts whose mostbasi ideas they abhor. If Hegel's idea of the foundations of his philosophi-al system are dismissed, then so also is his idea of reason and the ritiqueof the understanding on whih it rests. This is just to Wood's point. Itis part of a politis of the olonisation of metaphysial sense by ommonsense: a politis that authorises itself by allusion to modern logi.Modern logi, quite simply, does not give this authority. It annot de-ide the philosophial question that is in issue, namely how logi, meta-physis and ontology are related. Insofar as metaphysis is an inquiryinto truth and human apaity for knowledge it inludes epistemology.Whether or not it should on�ne itself to epistemology, leaving ontologymore or less aside and deferring questions of ideals or values to a sepa-rated exerise of pratial reason onerned with moral, legal and politialphilosophy, is one partiularisation of that question. How it is answered
11 Allen W. Wood, Hegel's Ethial Thought (Cambridge: Cambridge UniversityPress, 1990), p. 4. Cited hereafter as `Wood'.



68 valerie kerruish and uwe petersenturns on a set of questions whih Wood foreloses. Do the logial para-doxes `plague' philosophy, that is, do they threaten the healthy exeriseof reason, or do they threaten the self-satisfation of the understanding inits blindness to its own role? Might they not be onstitutive of philosoph-ial thought? One does not have to be Hegelian to aknowledge the latterpossibility. It is part of the history of western philosophial thought, apoint that has not gone unnotied by logiians.12 And sine we now drawlogiians into the philosophial question, it might be reasonable if notphilosophially `sane', to re-open the question of what `the most promis-ing way' to deal with the logial paradoxes is, from a logially ompetentperspetive.From suh a perspetive, Wood's statement needs a triple supplement.In the �rst plae, it is pretentious to talk of preision when it omes tothe �features of traditional logi� and that quite independent of Hegel'sdealing with them. Even in modern philosophy of logi the issue of whata priniple of logi is, is not always su�iently lear. In partiular disus-sions about non-lassial logis are prone to su�er from a lak of awarenessin this respet.13 Apart from that, modern logi extends and revises the
12 Thus Fraenkel et al, set theoretiians, omment on Russell's antinomy. �Tobe sure, Russell's antinomy was not the �rst one to appear in a basi philosophialdisipline. From Zenon of Elea up to Kant and the dialeti philosophy of the 19th en-tury, epistemologial ontraditions awakened quite a few thinkers from their dogmatislumber and indued them to re�ne their theories in order to meet these threats. Butnever before had an antinomy arisen at suh an elementary level, involving so stronglythe most fundamental notions of the two most `exat' sienes, logi and mathematis.�A. A. Fraenkel, Y. Bar-Hillel and A. Levy, Foundations of Set Theory (Amsterdam:North-Holland Publishing Company, 1973), p. 2.
13 `The priniple of bivalene', for instane, is being given up in many ways,usually however without ever asking whether there might be something else that takesits plae. The issue here is similar to that of the postulate of the parallels: it mayome in a guise that is not readily reognisable as, for instane, a laim about the sumof the angles in a triangle. In some systems of logi, the `priniple of bivalene' antake the guise of any of the following formulas: A ∨ ¬A,¬(A ∧ ¬A), (¬A → A) → A,

(A → (A → B)) → (A → B),¬¬A → A. In fat, replaing I. 3) in the list of formulasin D. Hilbert and P. Bernays, Grundlagen der Mathematik I (Berlin, Heidelberg, NewYork: Springer-Verlag, 1968, zweite Au�age), p. 65, by any of the �rst three of theforegoing w�s provides an axiomatisation of lassial propositional alulus. The �fthand last of the foregoing w�s is harateristi of intuitionisti logi and shows littlesimilarity to what is ommonly alled tertium non datur.P.S. Sine this was �rst written, we learned from one good referee of the present paper,who was said to have some logial expertise, that intuitionisti logi �does not have



PHILOSOPHICAL SANITY 69ommon logi of Hegel's day so extensively that there is no preise map-ping between the two.14 The philosophial question of whether antinomiesare to be dealt with in `the understanding's way', is historially an issuebetween Kant and Hegel, both of whom were working with the old om-mon logi. That this had hardly altered sine Aristotle is a point whihboth mention. Kant takes it as proof of its soundness. Hegel onsiders itripe for revision. Analogies, ertainly an be made, but analogies are notpreise.Seond, there is a onsiderable di�erene between `dispensing' withfeatures of traditional logi and restriting them to thought at the levelof the understanding. Taken together these two points persuade someHegel sholars that it is a myth to say that Hegel denied the `law of non-ontradition'.15 We are less onerned with debates onerning Hegelinterpretation than with speifying two questions. First, what is involvedin, and what kinds of logi ome from restriting features of lassial logi?Seond what is required to read Hegel's Logi as a logi? We deal withboth questions below, adding a little ontext from the history of logi,but a preliminary response to the seond question, may be helpful here.To read Hegel's Logi as a logi, does not require ommitment to theview that Hegel presented a logial derivation of the ategories whih hasbeen or ould be translated into the formal language of a modern logi. Itis rather to see how the ourrene and signi�ane of ontraditions inthought that has itself and its own determinations as its objets, lies atthe ore of Hegel's extension and radialisation of Kant's transendentallogi.exluded middle nor the other formulae listed� here. We have to admit that, in writingthis note we did not su�iently antiipate the possibility of suh a response. In faeof it our breath is learly wasted.
14Cum grano salis, traditional (Aristotelian) logi may be regarded as monadiprediate logi. Cf. J. �ukasiewiz, Aristotle's Syllogisti from the Standpoint of Mod-ern Formal Logi (Oxford: Clarendon Press, 1957); also D. Hilbert and W. Aker-mann, Grundzüge der theoretishen Logik, �fth edition (Berlin, Heidelberg, New York:Springer-Verlag, 1967), pp. 57�63); and A. Tarski, Einführung in die mathematisheLogik, (Berlin: Julius Springer, 1938), p. 46.
15 Robert Hanna, `From an Ontologial Point of View: Hegel's Critique of theCommon Logi' in The Hegel Myths and Legends, ed. by Jon Stewart (Evanston,Illinois: Northwestern University Press, 1996), pp. 253�281; Robert Pippin, `Hegel'sMetaphysis and the Problem of Contradition', op. it., pp. 239�252.



70 valerie kerruish and uwe petersenThe third point is more substantial and goes to the analogies betweenthe traditional form of logi and modern mathematial logi that anjusti�ably be made. It is ertainly the ase that the `revolution' in logithat took plae in the late nineteenth and early twentieth entury, owednothing at all to Hegel. When the theory of logi was revolutionised, itwas ertainly not in the spirit of Hegel. It did not question lassial logiand, in the work of Gottlob Frege, whih made expliit the ruial shiftfrom a onept to its extension, it ran straight into antinomies. Theseantinomies have ome to be known as the logial paradoxes. Essentially,they are the kind of paradoxes, suh as the Liar, that have been lassi�edas shallow sophistries sine the times of Aristotle. Moreover, `solutions'to the modern paradoxes supplied by modern logi are often onsideredas arti�ial and unilluminating, at least by those who favour a di�erentone. This does not vindiate Hegel, but it alls for more aution towardsthe kind of late twentieth entury viewpoint evoked by Wood.The question, to whih Wood never advanes, of what the signi�aneof the antinomies into whih Frege ran is for logi and philosophy, arosewithin logi, within a few deades of the `revolution' to whih Wood refers.Logial oerion is most strongly manifested in a priori sienes.Here the ontest was to the strongest. In 1910 I published a bookon the priniple of ontradition in Aristotle's work, in whih Istrove to demonstrate that that priniple is not so self evident as itis believed to be. Even then I strove to onstrut non-Aristotelianlogi, but in vain.Now I believe to have sueeded in this. My path was indi-ated to me by the antinomies whih prove that there is a gapin Aristotle's logi. Filling that gap led me to a transformationof the traditional priniples of logi.. . . I have proved that in addition to true and false proposi-tions there are possible propositions, to whih objetive possibilityorresponds as a third in addition to being and non-being.16Suh was �ukasiewiz' position in 1920. As regards logi, the question wasstill alive and unsettled more than forty years later:
16 �ukasiewiz, Seleted Works, ed. by L. Borkowski (Amsterdam: North-HollandPublishing Company; and Warszawa: PWN-Polish Sienti� Publishers, 1970), p. 86.



PHILOSOPHICAL SANITY 71the set theoretial paradoxes . . . are a very serious problem, notfor mathematis, however, but rather for logi and epistemo-logy.17And we �nd Myhill rea�rming another twenty years later,Gödel said to me more than one, �There never were any set-theoreti paradoxes, but the property-theoreti paradoxes are stillunresolved�,18adding thatthe Fregean onept of property is inonsistent with lassial logi.So if we want to take Frege's priniple seriously, we must beginto look at some kind of nonlassial logi.19We leave the assessment of the set theoretial situation to set theorists.Our point is that these omments, from within logi, hardly authorise aavalier dismissal of antinomies. On the ontrary, philosophy might, onpain of signing its own erti�ate of irrelevane, need further and betterdetails regarding them.Frege's projet was an attempt to redue arithmeti to higher orderlogi, that is, in modern terms, the ideal alulus, or lassial logi withabstration axioms. Suh axioms, roughly, allow the formation of a on-ept, (e.g. redness) from a prediate (e.g. is red). While Frege expressedsome doubt about whether they satis�ed the requirements of purely log-ial axioms, he onfessed himself unable to oneive numbers as objetswithout them. The problem was (and is) that within lassial logi, theseaxioms lead into antinomies. When this was pointed out to Frege by Rus-sell, Frege regarded his life work as having failed.Hardly anything more unfortunate an befall a sienti� writerthan to have one of the foundations of his edi�e shaken after thework is �nished.This was the position I was plaed in by a letter of MrBertrand Russell, just when the printing of this volume was near-ing its ompletion. It is a matter of my Axiom (V). I have never
17 K. Gödel, `What is Cantor's Continuum Problem?' in Philosophy of Mathe-matis, ed. by P. Benaerraf and H. Putnam (Englewood Cli�s: Prentie-Hall, 1964),pp. 258�273 at p. 262.
18 J. Myhill, `Paradoxes', Synthese 60 (1984), pp. 129�143 at p. 129.
19 Ibid, p. 130.



72 valerie kerruish and uwe petersendisguised from myself its lak of the self-evidene that belongs tothe other axioms and that must properly be demanded by a logi-al law. And so in fat I indiated this weak point in the Prefaeto Vol i (p. VII). I should gladly have dispensed with this foun-dation if I had known of any substitute for it. And even now Ido not see how arithmeti an be sienti�ally established; hownumbers an be apprehended as logial objets, and brought un-der review; unless we are permitted � at least onditionally �to pass from a onept to its extension.20For Frege this was the failure of a projet. But what, preisely, did fail,is not lear. In the `Nahwort' to his Grundgesetze der Arithmetik we�nd Frege pondering over whether the law of exluded middle would haveto be restrited, or whether there are ases where we are not entitled tospeak of the extension of a onept. Is it asking for too muh to see ananalogy here between Hegel's and Kant's ways with the Antinomy of PureReason?For modern logi Frege's aomplishment was substantial. It was theaomplishment of what has been alled the ideal alulus21 and this, asnoted is lassial logi, most notably relations and quanti�ers, with ab-stration axioms.22 What links Hegel to Frege, or to put that another way,whih non-lassial logis might be termed dialetial in Hegel's sense ofthat term, will obviously depend on how Hegel's idea of dialeti is inter-preted. In the interpretation presented here, it is abstration, passing froma onept or prediate to its extension for the purpose of onstruting anobjet of reason: metaphysial reason in Hegel's endeavours, arithmetiin Frege's. As Frege pereived, the failure of his system turned on hisGrundgesetz V whih was introdued to govern the equality of Werthver-läufe, that is, the extensions of onepts. In the long run, this is whatabstration, as a logial operation, omes down to. Abstration, in some
20 P. Geah and M. Blak, Translations from the Philosophial Writings of GottlobFrege (Oxford: Basil Blakwell, 1970), p. 234; G. Frege, Grundgesetze der Arithmetikv. 2 (Jena: H. Pohle, 1903), p. 253.
21 For instane, by Fraenkel and others, Foundations of Set Theory, above n. 12,p. 154.
22 More generally, it involved the analysis of the logial omponents of mathe-matial reasoning.



PHILOSOPHICAL SANITY 73ases leads into ontraditions and it was just suh a ontradition, a `vi-ious self-referene' that Russell pointed out to Frege.23 This, in lassiallogi and via the rule of exluded middle (A∨¬A, or some equivalent for-mulation, f. n. 13 on p. 32) is a total failure of truth preservation beausethe ontradition allows anything and everything to be proved.Somewhat ironially, this situation onfronts us with an either�oralternative: either to preserve lassial logi and restrit abstration (forexample, through type distintions suh as Russell proposed in order to�nd a way around his antinomy) or to abandon lassial logi and re-strit the assumption of truth-de�niteness that makes ontradition sounpalatable (in allowing anything and everything to be proved). The �rstway is probably what Wood means by `the understanding's way'. It stayswithin lassial logi and restrits abstration. Of ourse, �philosophialsanity now usually judges that the most promising way with the para-doxes that plague� Frege's (higher order) logi is to sari�e the generalassumption of the existene of an extension to eah and every onept if ithas ourred to it that there is a problem. Mathematial logial enterpriseis less on�ned. There are several non-lassial logis. All dispense withtruth-de�niteness, where that is understood as a meta-logial assumptionof the validity of either-or reasoning, as applied to the truth values, trueand false. This is simply what makes them non-lassial logis. But theydispense with truth-de�niteness in di�erent ways. They might introduethird or further values (as in �ukasiewiz' logis), they might allow asesin whih a sentene is both true and false (as in paraonsistent logis,`dialetheism') or they might aim at allowing unrestrited abstration bydiretly dispensing with a `logial law' in a partiular axiomatisation oflogi. Suh logis may be said to have `dispensed with' the meta-logial as-sumption of truth de�niteness and might, in light of the link made above,be termed dialetial in an Hegelian sense.24
23 Stritly speaking, following Frege, it is not possible to prediate a prediate;but via abstration a prediate an be objeti�ed, and this objeti�ation an then beprediated. For example it makes no sense of any kind to say `Is red is red' but it anbe said `Redness is red'. In this ase, the self-referene brought about by abstration(`red' prediated of `redness'), auses no problems. Russell's antinomy onerned theset of all sets whih do not ontain themselves as elements.
24 Classial logi an be, indeed has been restrited. The possibility of restritinglassial logi in suh a way as to have unrestrited abstration available (that is toinlude Frege's Grundgesetz V axiom or its equivalent) is simply not ontentious, at



74 valerie kerruish and uwe petersenOr they might not. There are all manner of issues and, for that matter,non-issues here. Whih non-lassial logis are dialetial in an Hegeliansense?25 Are non-lassial logis a threat or a omplement to lassiallogi?26 And then, what does any of this matter? The irony, pointed outabove, is that logi annot take us further with the philosophial questionsin issue here: the signi�ane of ontraditions in thought that has itselfand its own determinations as its objets. The very formality of the either-or of the methods of avoiding Russell's antinomy leaves this questionuntouhed. In that sense we reah a limit of logi's authority. To go furtherhere, in natural language, we must go bak to Hegel's issue with Kant �his extension and radialisation of Kant's transendental logi � as thelassial disussion in modern philosophy on the signi�ane of antinomiesin the a priori sienes, with what has just been anvassed in mind.That is to say, the problem of antinomies in modern philosophy, whilehistorially an issue between Kant and Hegel, is not just an issue betweenKant and Hegel and it is not just an amusing pastime for speulativephilosophers. What Wood does not mention is that `shallow sophistries',suh as the Liar, still plague higher order logi.This brings us to the point of reading Hegel's Logi as a logi. Wemight reall, to begin with, what Hegel said in his History of Philosophyregarding Eubulides' sophisms:least amongst logiians. It was �rst established about 1950 independently by Fith andAkermann; f. K. Shütte, Beweistheorie (Berlin, Göttingen, Heidelberg: Springer-Verlag, 1960), p. 333 for historial notes, and hapter VIII (pp. 224 �) for tehnialities.
25 Within a philosophially realist framework, ontraditions are loated in real-ity and a non-lassial logi that results is dialetial in the sense of dialethei, thatis, it allows that in ertain ases, A and ¬A may both be true. See e.g. G. Priest,Beyond the limits of thought (Cambridge: Cambridge University Press, 1995), pp. 3f. This is a philosophy of the limit and is opposed to the more sandalous view thatontraditions are not just brute metaphysial fats to whih a logi must onform,but are onstitutive of the determinations of pure thought.
26 Some modern logiians, who may be seen as having ontributed to the devel-opment of a non-lassial logi (Kleene and Kripke, for example), remain ommittedto an idea of truth onsistent with lassial logi. While working with three `truthvalues', the third value (`unde�ned') is not an extra truth value. It is not on the samelevel as true and false and is not introdued on the assumption that lassial logi doesnot generally hold. Cf. S.C. Kleene, Introdution to Metamathematis (Amsterdam:North-Holland Publishing Company, 1952), p. 332 and S. Kripke, `Outline of a Theoryof Truth', Journal of Philosophy 72 (1975), p. 700, n. 18.



PHILOSOPHICAL SANITY 75The �rst thing that omes to our mind when we hear them isthat they are ordinary sophisms whih are not worth refutation,hardly worth listening to them. . . . However, it is indeed easier todisard them than to refute them de�nitively (SW v.18, p. 132;LHP v.1, p. 457).Before Gödel, the average philosopher might well have nodded and passedon, still quite ontent to see only a `shallow sophistry' in the paradoxes likethat of the Liar. One it is remarked that it was a variation of Eubulides'Liar whih Gödel employed in his famous inompleteness theorem(s), thenit is not unjust to observe that whether someone an only detet a shallowsophistry or a deep epistemologial puzzle may well depend on depth ofinsight.The antinomies that �rst prompted Kant to relate logi to meta-physis are not the modern logial paradoxes, although it might be notedthat some early set theoretists have pointed out a similarity.27 But insofaras modern logi an, via areful analogy, throw light on the philosophi-al question of the relation between logi, metaphysis and ontology, ourpoint is that its disovery of the logial paradoxes, grounds the questionso as to open, not lose it.Wood's appeal to Wittgenstein on the most promising way to dealwith the logial paradoxes gives an idea of what is likely to be left ofHegel's insight regarding the epistemologial signi�ane of the antinomieswhen that is dealt with in the understanding's way:We might ompare Hegel's treatment of philosophial paradoxeswith the later Wittgenstein's. Wittgenstein held that ontradi-tions or paradoxes do not �make our language less usable� be-ause, one we �know our way about� and beome lear aboutexatly where and why they arise, we an �seal them o��; weneed not view a ontradition as �the loal symptom of a siknessof the whole body.� For Wittgenstein ontraditions an be toler-ated beause they are marginal and we an keep them sequesteredfrom the rest of our thinking; for Hegel, they arise systematiallyin the ourse of philosophial thought, but they do no harm so
27 See e.g. W. Hessenberg, `Grundbegri�e der Mengenlehre', Abhandlungen derFries'shen Shule, Neue Folge 1,4 (1906), pp. 633 and 706; E. Zermelo in Georg Can-tor, Abhandlungen mathematishen und philosophishen Inhalts, ed. by E. Zermelo(Hildesheim: Georg Olms, 1966), p. 377 (ited hereafter as `Cantor').



76 valerie kerruish and uwe petersenlong as a system of speulative logi an keep them in their properplae . . . 28Speulative logi as a speial task fore, keeping what is onsidered mar-ginal sequestered from the rest, in its proper plae? This wisdom of seg-regation in the guise of toleration at least suggests that how Hegel's Logiis read is not a sholasti issue. In this lies the importane of readingHegel's Logi as a logi. It is logi that is haunted by antinomies. Lettinglogi o� the hook in order to onsole ommon sense with Hegel's dialetimay work as an avoidane strategy for Hegelians. Claims suh asnone of Hegel's dialeti in the Logi is in opposition to `ordinarylogi'29andHegelian dialeti is no mysterious form of logi that transendsor is an alternative to ordinary logi.30an survive beause there is no su�iently worked out theory in Hegel'slogi, suh as, for instane, a theory of arithmeti in the foundationalstudies of mathematis, that would defy ategorial laims of this kind.But nor are suh laims warranted. There are only some highly intriguingideas in a highly di�ult (abstrat) realm of knowledge, formulated inno less di�ult a language. In this situation, by reversing the fous, thedisovery of the logial paradoxes an serve to open the question as to thenature of Hegel's dialeti. Hegel was not the one who ran unexpetedlyinto antinomies, it was Frege. In this sense, what is at stake now is higherorder logi � not Hegel's idea of dialeti. Frege's logi has failed. Thehallenge is whether Hegel's idea of dialeti an make a point in theanalysis of this failure. Higher order logi has the paradoxes and Hegel'sidea of dialeti aims at making sense of ontraditions in the enterpriseof reason. Higher order logi with its paradoxes, undeidabilities, andinompleteness results is the touhstone of Hegel's idea of dialeti. HiRhodus, hi saltus.In so far as Hegel's dialeti endorses a priniple of freedom of on-ept formation (against Kant) it does hallenge lassial logi; unrestrited
28 Wood, p. 3.
29 Pinkard, `Reply to Duquette', p. 22.
30 Terry Pinkard, Hegel's Dialeti: The Explanation of Possibility (Philadelphia:Temple University Press, 1988), p. 5.



PHILOSOPHICAL SANITY 77abstration is inompatible with lassial logi. Those who want to keepHegel's dialeti in harmony with `ordinary logi' will have to forgo anunlimited freedom of onept formation.31 This is not to say that any ofHegel's atual onepts is indeed antinomial. What an be said safelyis that Frege's Grundgesetz V (or unrestrited abstration and exten-sionality) is in opposition to lassial logi, in fat already unrestritedabstration itself is in suh opposition. All that is needed to make the linkto Hegel is the realisation that unrestrited abstration is in the spirit ofHegel's speulative philosophy.To turn this point around: any laim that Hegel's dialeti is notin on�it with lassial logi, an only sueed if Hegel an be shownto have proposed a restrition of onept formation to ope with Kantianantinomies. What Hegel does say with regard to Kant's Antinomy of PureReason is:The main point that has to be remarked is that the Antinomyis not just loated in the four partiular objets taken from Cos-mology, but rather in all objets of all kinds, in all represen-tations (Vorstellungen), notions, and Ideas. To know this and toreognize objets in this apaity (Eigenshaft) belongs to the es-sential of philosophial onsideration; this apaity (Eigenshaft)aounts for what furthermore determines itself as the dialetialmoment of the logial (SW v.8, � 48; En).What is indeed laking in Hegel is the atual prodution of an antinomy,suh as the Liar, that would stand up to the standards of modern logior, at least ould be transformed into one. Aordingly the average Hegelsholar an say that, while Hegel may be seen as endorsing a priniplewhih leads to antinomies, this does not mean that these antinomies are`what he had in mind'. We do not and would not laim any suh thing.In fat, we do not see the relevane of suh a laim for the problem of adialetial logi. There is more to that problem than sholasti rereading
31 We take this to apply to Dieter Henrih's �substantivierte Aussageform� (propo-sitional form turned noun, f. the �rst setion in his paper �Formen der Negation� inSeminar: Dialektik in der Philosophie Hegels, ed. by Rolf-Peter Horstmann (Frankfurtam Main: Suhrkamp, 1978), pp. 213�229) as well, although the endemi lak of prei-sion in philosophial terminology does not allow the establishment of a onlusive linkto unrestrited abstration in logial terms.



78 valerie kerruish and uwe petersenof Hegel and while we do not dismiss ongoing e�orts of Hegel interpreta-tion, bringing Hegel into relation with modern logi requires ompetenein modern logi, a point that we �nd sorely negleted.32 Unrestritedonept formation produes strange phenomena muh stranger than `ta-ble turning' ever was. And the seond of the authors wants to add, thatthese phenomena are not even what he himself dreamt o�, when he em-barked on the projet of making sense of Hegel's idea of dialeti in theframework of higher order logi some thirty-�ve years ago.We do not want to lose this setion on �Hegel interpretation and log-ial illiteray� without having produed at least one example of what weonsider a �ne alternative to a poor `late twentieth-entury perspetive':Two of the greatest logio-mathematial disoveries of fairlyreent times may in fat be ited as exellent and beautiful ex-amples of Hegelian dialeti: I refer to Cantor's generation oftrans�nite numbers, and to Goedel's theorem onerning unde-idable sentenes. In the ase of Cantor we �rst work out the logiof the inde�nitely extending series of indutive, natural numbers,none of whih transends �nitude or is the last in the series. Wenow pass to ontemplate this series from without, as it were,and raise the new question as to how many of these �nite, natu-ral numbers we have. To answer this we must form the oneptof the �rst trans�nite number, the number whih is the num-ber of all these �nite numbers, but is nowhere found in them oramong then, whih exists, to use Hegelian language, an sih in theindutive �nite numbers, but beomes für sih only for higher-order omment. And Cantor's generation of the other trans�nitenumbers, into whose validity I shall not here enter, are all of ex-atly the same dialetial type. Goedel's theorem is also throughand through dialetial, though not normally reognized as be-ing so. It establishes in a mathematiized mirror of a ertain
32 It was not an analysis of Leukippos' and Demokritos' writings whih substan-tiated any laim about atoms; it was not a theory of atoms that was handed down tous from the anient Greeks, but an intriguing idea. Like every good idea there omesa time when one an do something with it. Hegel's idea of dialeti is just suh a goodidea to remember when onfronted with the situation of higher order logi.



PHILOSOPHICAL SANITY 79syntax-language that a sentene delaring itself, through a devi-ous mathematiized iruit, to be unproveable in a ertain lan-guage system, is itself unproveable in that system, thereby settingstrange bounds to the power of logial analysis and transforma-tion. But the unproveable sentene at the same time soars outof this logio-mathematial tangle sine the proof of its unprove-ability in one language is itself a proof of the same sentene inanother language of higher level, a situation than whih it is notpossible to imagine anything more Hegelian.333. Basi Ideas of Dialetial LogiWhat we have said so far would remain as futile as any of those logiallyilliterate laims and polemis for or against a dialetial logi hallenginglassial logi, if we were not to give some indiation as to what we proposeas a dialetial logi, that is, a logi that does not require us �to framedeterminations of things in terms of either/or propositions�.34 But we donot want to be misunderstood: the issue is too omplex to be dealt with
33 J.N.Findlay, `The Contemporary Relevane of Hegel', in Hegel. A Colletionof Critial Essays, ed. by A. MaIntyre (Notre Dame and London: University of NotreDame Press, 1976), p. 6 f.
34 By speaking of `determinations of things in terms of either/or propositions' wemean determinations of things in terms of `either x or not x', not any arbitrary x andy, i.e. `either x or y', like, for instane: my omputer is either made in Australia orstanding on my desk. This remark is neessary in view of Pinkard's `Reply to Duquette',(p. 20): �[Mr Duquette℄ says that ordinary logi requires us to frame determinationsof things in terms of either/or propositions . . . But logi per se does not require meto put things into either/or dihotomies; just note that the truth table for `x or y' isdi�erent from the truth table for `either x or y'.� The truth table for `either x or notx' is the same as that for `x or not x'. Having said this, we hasten to emphasise thattrivia of that kind are not the issue of the present setion. What is the issue of thepresent setion is that the identi�ation of a logial onstant with its truth table missesthe point of an alternative logi altogether. In more tehnial terms, the message ofthe present setion is that logi manifests itself in the so-alled strutural rules of aGentzen-type formulation of logi. These strutural rules regulate our dealing withassumptions, and this makes a di�erene to how the truth table of `or', for instane,ats logially.



80 valerie kerruish and uwe petersenonlusively within the limited spae of a paper of this kind; all we try todo is to evoke some interest and give some hints.35Before turning to the more tehnial aspets, we want to try, at least,to onvey some basi understanding of the issue in question. For thatpurpose, onsider the following statements taken from di�erent authors:Hegel: To the ordinary (i.e. the sensuous-understanding) onsious-ness, the objets of whih it knows ount in their isolation forindependent and resting on themselves.36Cantor: [What we deal with in set theory are℄ manifolds of unonnetedobjets, i.e. manifolds of suh a kind that removing any oneor more of their elements has no in�uene on the remainingof the others.37Wittgenstein: Eah item an be the ase or not the ase while everythingremains the same.38Harris: The fundamental algebraial laws . . . of ommutation, asso-iation, and distribution . . . hold only . . . for entities thatare externally related or are omposed of externally relatedelements.39
35 Readers who want to know more regarding the mathematial logial side ofwhat we propose as a dialetial logi are referred to: U. Petersen, `Logi WithoutContration as Based on Inlusion and Unrestrited Abstration', Studia Logia 64(2000), pp. 365�403.
36 SW v.8, � 45Z; En.
37 Zermelo (ed.), `Cantor', p. 470, n. 2; (our translation).
38 Ludwig Wittgenstein, Tratatus logio-philosophius (London: Routledge &Kegan Paul, 1969), p. 7.
39 E. E. Harris, Formal, Transendental, and Dialetial Thinking (Albany: StateUniversity of New York Press, 1987), pp. 32�33. This quotation is brutally edited tomake it �t in with the other ones, although, we believe, it is not distorting. It isworthwhile, however, to quote a little more within the edited passage sine it onveys,to our minds, an understanding of dialetial thinking that omes extremely lose toour own. �If . . . the units that made up a olletion were internally related so thatthey a�eted one another in ertain ways or onstituted one another by their mutualrelations, if, in short, we were dealing with wholes and not with mere olletions, theorder in whih the elements were aggregated would not be indi�erent and the algebrailaws would no longer hold.� (Ibid. p. 33.) The emphasis, for us, lies on �the order . . .would not be indi�erent�, and this is what we aim at by fousing on the strutural rulesbelow: roughly, the strutural rules do for propositions (in logi) what the algebrailaws do for externally related objets, suh as numbers (in arithmeti).



PHILOSOPHICAL SANITY 81What shines through in these quotations, despite the di�erenes in theirlaims, is an awareness of a possible alternative: are the objets that weare dealing with isolated things that have their properties independent ofwhat anything else does around them, inluding our knowledge of them;or is ours a world of interonnetedness where it is in priniple neverpossible to isolate an objet, not even in thought?This raises two questions. Firstly, why are the objets that we want totake into aount in dialetial logi not severally independent? Di�erentlyput: what is there to relate entities internally, as distint from externally?Seondly, how does lassial logi have to be adjusted (if at all) in order todeal appropriately with objets whih are internally related, or inherentlyonneted?Our answer to the �rst question in a nutshell: beause oneptualthought is onstitutive for all knowledge, and oneptual thought has theinesapable double harater of form and ontent whih manifests itselfin an original ambiguity.40This answer is derived from an analysis of Gödel's �rst inompletenesstheorem, an analysis whih annot be presented here in full, though weshall try to give the gist of it.Gödel's (formally) undeidable sentene involves a ertain substitu-tion funtion sub whih satis�es the following ondition
sub(pA[x]q, n) = pA[n]q ,where the little orners p q indiate the well-known devie of numerialodi�ation that Gödel introdued in his famous paper of 1931;41 A isa so-alled nominal form,42 a metatheoretial devie for ommuniatingthat any well-formed expression of the language in question with ertainindiated `empty plaes' in whih the expression in square brakets fol-lowing it is to be inserted, may take its plae; more intuitively, perhaps,any propositional form an be substituted for it. In plain words the above

40 Dubbed systemi ambiguity by the seond author. Cf. footnote 45 below.
41 `Über formal unentsheidbare Sätze der Prinipia Mathematia und verwandterSysteme I', Monatshefte für Mathematik und Physik, 38, pp. 173�198. Translated as`On Formally Undeidable Propositions of Prinipia Mathematia and Related Sys-tems' in J. van Heijenoort, From Frege to Gödel: A Soure Book in Mathematial Logi(Cambridge, Massahusetts: Harvard University Press, 1967), pp. 596�616.
42 Cf. Shütte, Proof Theory (Berlin, Heidelberg, New York: Springer-Verlag),p. 11.



82 valerie kerruish and uwe petersenequation reads: sub(pA[x]q, n) equals the Gödel number of the result of re-plaing every indiated ourrene of x in A[x] by the numeral n. Gödel'strik onsists in taking for both arguments of this substitution funtionthe Gödel number of the expression A[sub(x, x)], i.e. pA[sub(x, x)]q. Let ustake kA as an abbreviation for pA[sub(x, x)]q and we obtain the following(indiret) `�xed point property':
sub(kA,kA) = pA[sub(kA,kA)]q .The reason that this is alled a ��xed point property� should beomesu�iently lear when we take the abbreviation fA for sub(kA,kA):

fA = pA[fA]qand all fA a �xed point with regard to A: if A is regarded as a propo-sitional funtion, then its value for the argument fA is fA itself. Suh a�xed point property auses trouble for the expressibility of basi seman-tial onepts on the level of the formalised theory itself (i.e. as an arith-metial prediate, suh as, for instane, the prediate of being a primenumber), most notably that of truth, i.e. a prediate that satis�es thefollowing `truth ondition':
tru(pAq) ↔ A .To see this, assume the existene of suh a prediate tru. Obviously itsatis�es

tru(f) ↔ tru(f) ,and by the above �xed point property there is a �xed point f¬tru suhthat:
f¬tru = p¬tru(f¬tru)q .By the substitutivity of equal numbers in arithmeti propositions thesetwo yield:

tru(f¬tru) ↔ tru(p¬tru(f¬tru)q) .On the other hand, by the above truth ondition, one has
tru(p¬tru(f¬tru)q) ↔ ¬tru(f¬tru) .By the transitivity of ↔, the last two yield:

tru(f¬tru) ↔ ¬tru(f¬tru) ,



PHILOSOPHICAL SANITY 83i.e. an antinomy.43What happens � in the establishment of the (indiret) �xed pointproperty whih lies at the bottom of these results � is that we have (theformal representative of) a number here, whih we alled kA, whih oursas the argument of the funtion sub in two di�erent roles. One time itours as an innoent number, i.e. it is being onstruted from 0 in a seriesof steps of adding 1. The other time, however, it ours as a hieroglyphibehind whih a omplex proposition is hiding. The substitution funtionjuggles with these two sides of kA, whih aounts for the urious doubleharater in the employment of sub(kA,kA), and aording to whih waywe look at this number, we get on�iting results. This is what we takeas our paradigm of a on�it between form and ontent.In other words, Gödel's onstrution of a formally undeidable sen-tene involves a mathematially immaulate form of a use-mention on-fusion.44 This onfusion is the soure of a ertain ambiguity whih isinesapable one a su�ient amount of arithmeti is available. It providesthe answer to our �rst question. Di�erently put: the understanding's way,governed by the silent assumption that the objets of our thought an betreated as severally independent, unonneted, externally related, is in-ompatible with the atual existene of a onnetion, an internal relation,provided by Gödel's enoding.45This onfusion does no harm, as long as there are no semantial on-epts available whih would be su�ient to establish a onnetion betweenthe formal system and its intended interpretation, like that of truth or
43 Readers who `�nd themselves puzzled' in some of the logial moves involved inthis reasoning may �nd it omforting to know that the tehnialities do indeed requiresome basi skill in mathematial logi, in the absene of whih the orretness of thesemoves would have to be taken on trust. We refer to our footnote 9 above. Readerswith more serious ambitions might �nd it helpful to onsult a survey artile suh asC. Smory«ski, `The Inompleteness Theorems', Handbook of Mathematial Logi, ed.by J. Barwise (Amsterdam: North-Holland Publishing Company, 1977), in partiular,pp. 826�7. A ondensed treatment an also be found in G. Takeuti, Proof Theory(Amsterdam: North-Holland Publishing Company, 1987), in partiular, pp. 82�85.
44 R. L. Goodstein, Essays in the Philosophy of Mathematis (Leiester: LeiesterUniversity Press, 1967), p. 20: �The ode has been used and mentioned, and there isno self-referene.�
45 In U. Petersen, Diagonal Method and Diagonal Logi (Osnabrük: Der AndereVerlag, 2002), setion 111d, p. 1530, the label �systemi ambiguity� is introdued forthis phenomenon.



84 valerie kerruish and uwe petersensatisfation, for instane. It is only the soure of inompleteness and un-deidability results. One small step, however, and hell breaks loose: add asentene whih is provable in a meta-theory, like that of the onsistenyof the objet-theory in question, and everything beomes provable. Thelassi example is that of a re�etion priniple for the provability predi-ate of �rst order arithmeti, provable in seond order arithmeti,46 butinompatible within �rst order arithmeti itself. Suh is the situation oftheories based on lassial logi, in whih a ertain amount of arithmetiis available.We thus ome to our seond question: how an we take aount of theinternal relatedness of our objets? Di�erently put: how an we avoid theimpliit assumption of the understanding's way that objets are severallyindependent? How does an assumption of several independeny manifestitself on the logial level? Is logial reasoning possible without the as-sumption that the objets of our thought are severally independent?This is a triky question, or rather luster of questions, beause itmore or less impliitly requires an answer to the question: what is logi?Or, at least, what is the di�erene between lassial and non-lassiallogis?Our answer to this question is derived from some well-establishedtehniques within proof theory, a familiarity whih, unfortunately is hard-ly to be found amongst philosophers in the Hegelian tradition, and onlylittle more amongst philosophers in the analyti tradition. These teh-niques are linked to the name of Gerhard Gentzen and their entral fea-tures are ut elimination and normalisation.In 1934, Gentzen proposed a formulation of lassial and intuitionistilogi in terms of so-alled sequents (�Sequenzen�).47 We shall restrit ourattention here to the ase of intuitionisti logi, sine it is slightly simplerto present while it shows, at the same time, all the relevant featuresrequired to make our point.
46 This simply says: if pAq is the Gödel number of a provable formula A, then A;less tehnial: if A is provable, then A.
47 Gerhard Gentzen, `Untersuhungen über das logishe Shlieÿen', Mathematis-he Zeitshrift, 41 (1934), pp. 176�210 and 405�431. Translated by M.E. Szabo inThe Colleted Papers of Gerhard Gentzen (Amsterdam and London: North-HollandPublishing Company, 1969).



PHILOSOPHICAL SANITY 85A sequent has the following form
A1, . . . , An ⇒ C ,where A1, . . . , An, C are formulas. The formulas left of ⇒ are onsid-ered assumptions, the formula on the right of ⇒ the hypothesis. Rulesin Gentzen's formulation of logi are divided into two kinds: struturalrules and operational rules. The rules for handling logial onstants arethe operational rules. In the ase of �or�, in symbols ∨, they look like this(where Γ and Π denote sequenes, as distint from sequents, of formulas,suh as A1, . . . , An, for instane):Introdution left:

A, Γ ⇒ C B, Γ ⇒ C
.

A ∨ B, Γ ⇒ CIntrodution right:
Γ ⇒ A

Γ ⇒ A ∨ B
and Γ ⇒ B

.
Γ ⇒ A ∨ BThese rules perfetly mirror the truth values if one takes a sequent to betrue if one of the assumptions is false, or the hypothesis is true. They donot, however, fully determine the meaning (or behaviour) of the disjun-tion �or�. What is needed in addition are rules whih regulate the handlingof the assumptions:Weakening

Γ ⇒ C
.

A, Γ ⇒ CExhange
Γ, A, B,⇒ C

.
Γ, B, A,⇒ CContration
A, A, Γ ⇒ C

.
A, Γ ⇒ CIn words: weakening says that assumptions may be added aording totaste, exhange says that the order of two assumptions may be reversed,and ontration says that having an assumption one is as good as havingit twie, or as Girard put it:



86 valerie kerruish and uwe petersenontration is the �ngernail of in�nity in propositional alulus:it says that what you have, you will always keep, no matter howyou use it.48Note that these strutural rules involve no logial onstants. Nevertheless,they are the true bakbone of lassial logi. As Girard put it:these rules are the most important of the whole alulus, for,without having written a single logial symbol, we have prati-ally determined the future behaviour of the logial operations.49And:It is not too exessive to say that a logi is essentially a set ofstrutural rules!50One example in whih the future behaviour of the logial operation ∨(`or') is determined by the strutural rules is tertium non datur, A ∨¬A.Without ontration it is impossible to obtain tertium non datur fromthe above operational rules for ∨.In the light of these onsiderations regarding the role of assumptionsin logi, we an now formulate our answer to the seond question: beauseof the double harater of onepts, two ourrenes of the same statementin a proof may not without further provision be assumed to have thesame truth-value, i.e. we look at formulas in logi as tokens and nottypes. This view of formulas as tokens an be inorporated in Gentzen'sformulation of logi by dropping the rule whih allows the reprodutionof assumptions ad libitum: ontration.51 This idea was put forward in1980 (by the seond author):Having inferred B from A and A → B we annot expet . . . thatA and A → B are still available as presuppositions (assumptions).It is possible that they have hanged in the proess of inferring,
48 J.-Y. Girard, `Towards a Geometry of Interation', Contemporary Mathematis,92 (1989), pp. 69�108 at p. 78.
49 J.-Y. Girard, Y. Lafont, P. Taylor, Proofs and Types (Cambridge: CambridgeUniversity Press, 1989), p. 30.
50 J.-Y. Girard, `Towards a Geometry of Interation', p. 78.
51 This is not to be onfused with adding assumption; that's what weakeningdoes. Contration allows assumptions to be used more than one and in that sense itallows the reprodution of assumptions; or, if you prefer: multipliation of resoures atno extra osts.



PHILOSOPHICAL SANITY 87that they have been exhausted, so to speak. This means we in-terpret the impliation A → B as �A transfers into B�. In thisway we want to take aount of the peuliarity of unrestritedabstration.52In this sense, dialetial logi is a resoure onsious logi,53 a logi inwhih attention is paid to the manipulation of assumptions. Classial logihas no spae for a dynamis of assumptions: the strutural rules overrideit; truth and falsity is determined before we start reasoning. Reasoningunder the rule of lassial logi an only establish truth for us ; it is sub-jetive in the sense that the objetive state of a�airs is determined beforewe start reasoning. Classial logi annot allow reasoning to be part of thetruth, and in so far as the paradigm of lassial logi is the understand-ing's world, truth an never reside in thought determinations.54 Classiallogi has no truth within itself; it an only be truth preserving, nevergenerating.554. Dialetial Thought versus Finite Thought � the Ex-ample of the ComplementHaving �xed a logi whih does not suumb to either-or reasoning inthe spei� sense that unrestrited abstration is allowed without ausing`head-on ontraditions' (�kontradiktorishe Widersprühe�), there is stillthe question of what that atually means for logial reasoning.It will perhaps be lear that the di�erene between dialetial thoughtand lassial thought is subtle and just as the struture of the ell does
52 U. Petersen, Die logishe Grundlegung der Dialektik (Münhen: Wilhelm FinkVerlag, 1980), p. 97; (our translation).
53 The term is taken from A.S. Troelstra, Letures on Linear Logi (Stanford:Center for Studies of Language and Information, 1992), p. 1. In the past ten years onepartiular speimen of a resoure onsious logi has had a major impat on omputersiene, the linear logi of J.-Y. Girard.
54 �The question regarding the truth of the thought determinations must seemstrange to the ordinary onsiousness . . . This question, however, is just what matters(worauf es ankömmt)� (Hegel SW v. 8, � 24Z(2); En.).
55 This has to be ontrasted with the following: �Hegel was also worried aboutlogi's formality, sine he thought it doubtful that logi ould be `true' if it were purelyformal. He ould have avoided that worry altogether if he had been in the position tohold the ontemporary view that logi is not intended to provide truth at all but justto preserve it.� Pinkard, `Reply to Duquette' at p. 23.



88 valerie kerruish and uwe petersennot reveal itself to the naked eye, the subtleties of dialetial thought donot reveal themselves to plain thinking. The most spetaular aspet ofunrestrited abstration is a so-alled (diret) �xed point property.56 Whatit says in plain words is that to every onept, the list F of properties ofwhih ontains ourrenes of y, there is an objet f , the �xed point of
F, suh that a replaement of these ourrenes of y by ourrenes of fresults in a onept whih equals f . Sine this will make the head of alogiian go into a spin, we add a formulation in the arti�ial language ofsymboli logi:

λx F[x, f ] = f .This gives rise to a beautiful example of a theorem in lassial logi whihno longer prevails in its original form in dialetial logi (as outlinedabove). It an be found in Leibniz in the following form (inluding aproof):Theor. X.Detratum et Residuum sunt inommuniantia.Si L − A∞N, dio A et N nihil habere ommune. Namex de�nitione detrati et Residui omnia quae sunt in L manentin N praeter ea quae sunt in A, quorum nihil mane in N.57In modern set theory it runs (without a proof)A set and its omplement are disjunt.In set theoretial symbolism:
M ∩ ∁(M) = ∅ ,where ∁(M) is the omplement of M and ∅ is the empty set. In otherwords: the intersetion between a set and its omplement is empty. Or:M et ∁(M) nihil habere ommune.This touhes on an extremely deliate and ruial point. Is it possi-ble, in priniple, to divide the world into two disjunt parts, the unionof whih is the world, i.e. is it possible to have a division of the world

56 This is to be distinguished from the indiret �xed point property from p. 38,insofar as the �xed point is not hidden within the little orners p q. Labelling �xedpoints `diret' and `indiret' is not ommon in logi; it suggests itself for logiians whowant to aommodate for unrestrited abstration.
57 G. W. Leibniz, Shriften zur Logik und zur philosophishen Grundlegung vonMathematik und Naturwissenshaft, ed. by Herbert Herring (Frankfurt am Main:Suhrkamp, 1996), p. 170.



PHILOSOPHICAL SANITY 89without remainder? The lassial logiian has provided an answer beforethe philosopher omes on the sene: tertium non datur does just that.If the lassial logiian is right, there is no room for Hegel's dialeti.All that might be possible is a diluted form like a hermeneutis of at-egories. But then, if the lassial logiian is right, there is also no roomfor unrestrited abstration, beause unrestrited abstration (with somebasi logi) provides the (diret) �xed point property. And what the (di-ret) �xed point property for terms tells us is that there is an element f(a `�xed point') suh that ∁(f) = f . This has a deisive impat on theabove theorem: on the one hand, we have
f ∩ ∁(f) = ∅by the theorem, and on the other hand

∁(f) = fby the �xed point property, i.e.
f ∩ f = ∅by substitutivity of equals. In words: the intersetion of f with itselfis empty. In lassial set theory this means that f = ∅, i.e. f itself isempty; but then, the omplement of the empty set is the universal set.From a lassial position this leaves no hoie but to exlude the �xedpoint f as unpalatable. This is what logiians have mostly done sineRussell's disovery of his antinomy. The deision that weird terms suh asRussell's lass have to be avoided has been handed down to philosophersof somewhat Hegelian persuasion. But when modern logi �nally arrivesat the level of philosophers it has been redued to a heap of dead bonesnot muh di�erent in harater to those that Hegel saw in the logi of histime.So what is wrong in Leibniz' reasoning, or the reasoning of modernset theory, from a dialetial point of view? The answer is that it doesnot take into aount the role of assumptions in the reasoning related tonotions of `inommuniantia' or `disjunt'; more spei�ally to the notionof `and' that is involved in these onepts.In the absene of ontration the lassial truth tables for onjuntiondo not fully determine just one partiular notion of onjuntion. As aonsequene, dialetial logi distinguishes two forms of intersetion: ∩and ⊓ ; relying on the two di�erent notions of onjuntion. Both notions



90 valerie kerruish and uwe petersenof onjuntion are haraterised by the same (lassial) truth values. Whatdistinguishes them is the handling of assumptions.Between them the two notions of onjuntion divide all the propertiesthat their lassial ounterpart ombines in one. Leibniz' theorem, forinstane, does indeed hold for the one form of intersetion, ommuniatedby ⊓ :
M ⊓ ∁(M) = ∅ ;but what fails is f ⊓ f = f . For the other form of intersetion, ommuni-ated by ∩ the situation is exatly the other way round.This situation gives rise to a variation on an eminently Hegeliantheme, the identity and non-identity of being and nothing. What anbe established with the help of the �xed point property is that to everyonept there exists another one, a `doppelgänger' as it were, whih isequal but not idential to the original one, i.e. any objet that falls underone of them also falls under the other. Still, they are not the same in thefollowing sense: in so far as they may be regarded as objets themselves,they have di�erent properties, i.e. they annot be substituted for eahother regardless of ontext.In Hegel's (translated) words:Their di�erene is . . . ompletely empty . . . ; it thus does notsubsist in themselves, but only in a third, in opinion (SW v.4,p. 101; SL, p. 92).Contration free logi with unrestrited abstration has spae for a phe-nomenon of this kind; in fat, it reates suh phenomena in abundane.They are the mysteries of the understanding, and their presene alls foranother sari�e on the part of the lassial dotrine: `extensionality' isjust the priniple that if two onepts subsume the same objets underthem, then they may be substituted for eah other salva veritate.58 Thispriniple of identity, an integral part of Frege's logi in the Grundgesetze,is inompatible with the possibility of unrestrited abstration in higherorder logi. This is the more remarkable as Frege's elebrated distintion

58 Thus Leibniz de�ned: �Eadem sunt quorum unum potest substitui alteri salvaveritate.� G. W. Leibniz, Shriften zur Logik und zur philosophishen Grundlegungvon Mathematik und Naturwissenshaft, p. 156. (�Those terms are `the same' of whihone an be substituted for the other without loss of truth.� Leibniz. Logial Papers.A Seletion, ed. and trans. by G.H.R. Parkinson (Oxford: Clarendon Press, 1966),p. 123).



PHILOSOPHICAL SANITY 91of sense and referene was, and that not in the last instane, meant toprovide support for extensionality, at least in logi and arithmeti.59 Toparaphrase Hegel:There is mystery in higher order logi, only however for the un-derstanding whih is ruled by the priniple of abstrat identity.Or, as someone by no means less famous than Hegel has not quitesaid some time before Hegel:There are more things in higher order logi,Than are dreamt of in understanding's philosophy.

59 �I use the word �equal� to mean the same as �oiniding with� or �idential with�;and the sign of equality is atually used in arithmeti in this way. The opposition thatmay arise against this will very likely rest on an inadequate distintion between signand thing signi�ed.� Gottlob Frege � The Basi Laws of Arithmeti. Exposition ofthe System, trans. by M. Furth (Berkeley, Los Angeles: University of California Press,1964), p. 6.





Some Additions and Corretions toDiagonal Method and Dialetial LogiUwe Petersen 1

The following additions are meant to indiate some of the diretions myresearh has taken sine the publiation of [15℄.1. Addition 124g. Interpreting Weakening in LB
◦The point of this addition is to show that sari�ing weakening does notrestrit expressive power in the presene of unrestrited abstration.A entral issue in the development of a speulative logi is the ques-tion of how far one gets without any strutural rules. In this ontext Ishall present an interpretation of the formalized theory LDl as presentedin [15℄, p. 472, de�nition 41.22 (4) (essentially Gentzen's LK without on-tration but equipped with unrestrited l-abstration) in its intuitionistilinear subsystem. The relevant point is that ⊥ → A is available due tothe de�nition of ⊥ by means of unrestrited abstration. The result is notin any way surprising but it seems to me of interest in view of linear logiand also in view of my ambitions to build logi without any struturalrules.The prinipal approah goes bak to [10℄, but [7℄ was to beomemore in�uential. The approah taken here is in harater loser to [17℄,pp. 49 f, although it still di�ers from it, not only in that I use di�erentprimitive symbols. It should be lear, however, that the present approahis in no way original and that it an be extended to theories built on linearlogi, i.e., abandoning weakening is in harater very similar to shifting tointuitionisti logi from lassial logi: in both ases it is double negationwhih holds the key to the interpretation, in the sense that adding doublenegation yields lassial logi.

1 Item [15℄ in the referenes for this paper starting on p. 90.93



94 uwe petersenI begin by providing the relevant de�nitions.Definition 1.1. The formalized theory LB
◦ is obtained from the for-malized theory LB

+ introdued in [15℄, p. 1682, de�nition 124.6 (4), bydropping weakening.Intuitive onsideration 1.2. The notion ⊥ of falsum provides for thededuibility of ⊥ ⇒ A (122.46v in [15℄, p. 1663). This, in turn, providesfor a substitution of weakening: instead of A → (B → A) the following is
LB

◦-deduible:
A ⇒ A ⊥ ⇒ ¬B

¬A, A ⇒ ¬B

¬¬B,¬A, A ⇒ ⊥

B,¬A ⇒ ¬A ⊥ ⇒ ⊥

¬¬A,¬¬B,¬A ⇒ ⊥

¬¬A,¬¬B ⇒ ¬¬AObviously A ⇒ ¬¬A is LB
◦-deduible. If double negation ¬¬A ⇒ Awere also available, then this would be su�ient to prove weakening inthe form A → (B → A):

B ⇒ ¬¬B

A ⇒ ¬¬A ¬¬A,¬¬B ⇒ ¬¬A

A,¬¬B ⇒ ¬¬A

A, B ⇒ ¬¬A ¬¬A ⇒ A

A, B ⇒ A
=============
⇒ A → (B → A)Apparently, however, weakening right is needed in a LB

◦-dedution ofdouble negation:
A ⇒ A

A ⇒ A,⊥

⇒ A, A → ⊥ ⊥ ⇒ ⊥

(A → ⊥) → ⊥ ⇒ A



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 95This is why I make reourse to the kind of interpretation that Gödel em-ployed for the purpose of interpreting lassial logi within intuitionistilogi.Proposition 1.3. Inferenes aording to the following shemata are
LB

◦-derivable.
Γ ⇒ A

Γ ⇒ ¬¬A
(1.3i)

Γ ⇒ ¬¬A

Γ,¬A ⇒ C
(1.3ii)

A, Γ ⇒ ⊥

¬¬A, Γ ⇒ C
(1.3iii)

¬¬A, Γ ⇒ ⊥

A, Γ ⇒ ⊥
(1.3iv)Proof. Straightforward. I only show 1.3ii as an example. Employ 122.46vfeom [15℄, p. 1663:

Γ ⇒ ¬¬A

¬A ⇒ ¬A ⊥ ⇒ C

¬A,¬¬A ⇒ C
♣

Γ,¬A ⇒ C qedDefinition 1.4. ‖X‖ is de�ned indutively as follows:(1) ‖u‖ :≡ u, u being a free or bound variable;(2) ‖s ⊑ t‖ :≡ ¬¬(‖s‖ ⊑ ‖t‖) ;(3) ‖lx F[x]‖ :≡ lx‖F[x]‖ ;(4) If Γ ist the sequene A1, . . . , Am, then ‖Γ‖ is the sequent
‖A1‖, . . . , ‖Am‖ ;(5) ‖Γ ⇒ C‖ :≡ ‖Γ‖ ⇒ ‖C‖ .Proposition 1.5. ‖C‖ has the form ¬¬A.Proof. This is an obvious onsequene of lause (2) of the foregoing def-inition in view of the fat that the outermost symbol of every w� in thelanguage of LB

◦ is ⊑: If C ≡ s ⊑ t, then ‖C‖ ≡ ¬¬(‖s‖ ⊑ ‖t‖). qed



96 uwe petersenProposition 1.6. Sequents aording to the following shemata are LB
◦-deduible.

‖⊥‖ ⇒ ⊥(1.6i)
¬¬‖A‖ ⇒ ‖A‖(1.6ii)
‖(A → ⊥) → ⊥‖ ⇒ ‖A‖(1.6iii)
‖⊥‖,¬B ⇒ ⊥(1.6iv)
‖A‖, ‖B‖ ⇒ ‖A‖(1.6v)
¬¬(s∈‖b‖) ⇒ s∈‖b‖(1.6vi)
¬¬(s∈lx ‖A[x]‖) ⇒ s∈lx ‖A[x]‖(1.6vii)Proof. Re 1.6i.

⊥ ⇒ ⊥

⇒ l⊥ ⊑ l⊥
⇒ ¬¬(l⊥ ⊑ l⊥)

a ⊑ a ⇒ a ⊑ a

⇒ lx (x ⊑ x) ⊑ lx (x ⊑ x))

⇒ ¬¬(lx (x ⊑ x) ⊑ lx (x ⊑ x)) ⊥ ⇒ ⊥ly ¬¬(y ⊑ y) ⊑ l⊥ ⇒ ⊥

¬¬(ly¬¬(y ⊑ y) ⊑ l⊥) ⇒ ⊥ly¬¬(y ⊑ y) ⊑ ly¬¬(ly¬¬(y ⊑ y) ⊑ x) ⇒ ⊥

¬¬(ly ¬¬(y ⊑ y) ⊑ lx¬¬(ly¬¬(y ⊑ y) ⊑ x)) ⇒ ⊥

‖V ⊑ lx (V ⊑ x)‖ ⇒ ⊥Re 1.6ii. Let ¬¬A1 ≡ ‖A‖ aording to proposition 1.5.
‖A‖ ⇒ ‖A‖

‖A‖ ⇒ ¬¬A1

¬A1 ⇒ ¬A1 ⊥ ⇒ ⊥

¬¬A1,¬A1 ⇒ ⊥

‖A‖,¬A1 ⇒ ⊥

¬¬‖A‖,¬A1 ⇒ ⊥

¬¬‖A‖ ⇒ ¬¬A1

¬¬‖A‖ ⇒ ‖A‖



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 97Re 1.6iii. Let ¬¬A1 ≡ ‖A‖ aording to proposition 1.5. Employ 122.46vfrom [15℄, p. 1663, and 1.6i:
¬A1 ⇒ ¬A1 ⊥ ⇒ ‖⊥‖

¬A1,¬¬A1 ⇒ ‖⊥‖

¬A1, ‖A‖ ⇒ ‖⊥‖

¬A1 ⇒ l‖A‖ ⊑ l‖⊥‖

¬A1 ⇒ ¬¬(l‖A‖ ⊑ l‖⊥‖)

¬A1 ⇒ ‖(A → ⊥)‖ ‖⊥‖ ⇒ ⊥

¬A1, l‖(A → ⊥)‖ ⊑ l‖⊥‖ ⇒ ⊥

¬A1 ⇒ ¬(l‖(A → ⊥)‖ ⊑ l‖⊥‖) ⊥ ⇒ ⊥

¬¬(l‖(A → ⊥)‖ ⊑ l‖⊥‖),¬A1 ⇒ ⊥

¬¬(l‖(A → ⊥)‖ ⊑ l‖⊥‖) ⇒ ¬¬A1

‖(A → ⊥) → ⊥‖ ⇒ ‖A‖Re 1.6iv. Employ 122.46v from [15℄, p. 1663:
⊥ ⇒ ⊥

⇒ l⊥ ⊑ l⊥
⇒ ¬¬(l⊥ ⊑ l⊥)

a ⊑ a ⇒ a ⊑ a

⇒ lx (x ⊑ x) ⊑ lx (x ⊑ x))

⇒ ¬¬(lx (x ⊑ x) ⊑ lx (x ⊑ x))

⊥ ⇒ B ⊥ ⇒ ⊥

⊥,¬B ⇒ ⊥ly ¬¬(y ⊑ y) ⊑ l⊥,¬B ⇒ ⊥

¬¬(ly¬¬(y ⊑ y) ⊑ l⊥),¬B ⇒ ⊥ly¬¬(y ⊑ y) ⊑ lx¬¬(ly¬¬(y ⊑ y) ⊑ x),¬B ⇒ ⊥

¬¬(ly ¬¬(y ⊑ y) ⊑ lx¬¬(ly¬¬(y ⊑ y) ⊑ x)),¬B ⇒ ⊥

‖⊥‖,¬B ⇒ ⊥Re 1.6v. Let ¬¬A1 ≡ ‖A‖ and ¬¬B1 ≡ ‖B‖ aording to proposition1.5. Employ 122.46v from [15℄, p. 1663:
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A1 ⇒ A1 ⊥ ⇒ ¬B1

¬A1, A1 ⇒ ¬B1

¬¬B1,¬A1, A1 ⇒ ⊥

¬¬B1,¬A1 ⇒ ¬A1 ⊥ ⇒ ⊥

¬¬A1,¬¬B1,¬A1 ⇒ ⊥

¬¬A1,¬¬B1 ⇒ ¬¬A1

‖A‖, ‖B‖ ⇒ ‖A‖Re 1.6vi.
¬(s∈b) ⇒ ¬(s∈b) ⊥ ⇒ ⊥

¬¬(s∈b),¬(s∈b) ⇒ ⊥

s∈lx¬¬(x∈b),¬(s∈b) ⇒ ⊥ 1.3iii
¬¬(s∈lx¬¬(x∈b)),¬(s∈b) ⇒ ⊥

¬¬(s∈lx¬¬(x∈b)) ⇒ ¬¬(s∈b)

¬¬(s∈lx¬¬(x∈b)) ⇒ s∈lx¬¬(x∈b)Re 1.6vii. Let ¬¬A1[s] ≡ ‖A[s]‖ aording to proposition 1.5.
¬A1[s] ⇒ ¬A1[s]

¬¬A1[s],¬A1[s] ⇒ ⊥

‖A[s]‖,¬A1[s] ⇒ ⊥

s∈lx ‖A[x]‖,¬A1[s] ⇒ ⊥ 1.3iii
¬¬(s∈lx ‖A[x]‖),¬A1[s] ⇒ ⊥

¬¬(s∈lx ‖A[x]‖) ⇒ ¬¬A1[s]

¬¬(s∈lx ‖A[x]‖) ⇒ ‖A[s]‖

¬¬(s∈lx ‖A[x]‖) ⇒ s∈lx ‖A[x]‖ qedProposition 1.7. Inferenes aording to the following shemata are
LB

◦-derivable.
Γ ⇒ ¬¬(s∈‖t‖)

Γ ⇒ s∈‖t‖
(1.7i)



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 99
s∈‖t‖, Γ ⇒ C

¬¬(s∈‖t‖), Γ ⇒ C
(1.7ii)Proof. This are fairly immediate onsequene of 1.6vi and 1.6vii. qedThe next step is to show that the interpretation of every LDl-deriv-able inferene is LB

◦-derivable.Proposition 1.8. Inferenes aording to the following shemata are
LB

◦-derivable.
‖Γ ⇒ C‖

‖A, Γ ⇒ C‖
(1.8i)

‖Γ, A, B, Π ⇒ C‖

‖Γ, B, A, Π ⇒ C‖
(1.8ii)

‖Γ ⇒ A‖ ‖A, Π ⇒ C‖

‖Γ, Π ⇒ C‖
(1.8iii)

‖Γ ⇒ A[s]‖ ‖B[s], Π ⇒ C‖

‖lx A[x] ⊑ ly B[y], Γ, Π ⇒ C‖
(1.8iv)

‖Γ, A[a] ⇒ B[a]‖

‖Γ ⇒ lx A[x] ⊑ ly B[y]‖
(1.8v)Proof. Re 1.8i. This is `weakening'. Employ 1.6iv. Distinguish two ases:empty anteedent or not. In the �rst ase, let ¬¬B1 ≡ ‖B‖ and ¬¬C1 ≡
‖C‖ aording to proposition 1.5.

⇒ ‖C‖

⇒ ¬¬C1

¬C1 ⇒ ¬C1 ⊥ ⇒ ¬B1

¬C1,¬¬C1 ⇒ ¬B1

¬C1 ⇒ ¬B1

¬¬B1 ⇒ ¬¬C1

‖B‖ ⇒ ‖C‖

‖B ⇒ C‖



100 uwe petersenIn the seond ase, let Γ be the sequene A1, . . . , Am. Employ 1.6iv.
‖A‖, ‖A1‖ ⇒ ‖A1‖

‖A1, . . . , Am ⇒ C‖

‖A1‖, . . . , ‖Am‖ ⇒ ‖C‖
♣

‖A‖, ‖A1‖, . . . , ‖Am‖ ⇒ ‖C‖

‖A, A1, . . . , Am ⇒ C‖Re 1.8ii. This is `exhange'. Obvious. left to the reader.Re 1.8iii. This is `ut'.
‖Γ ⇒ A‖

‖Γ‖ ⇒ ‖A‖

‖A, Π ⇒ C‖

‖A‖, ‖Π‖ ⇒ ‖C‖
♣

‖Γ‖, ‖Π‖ ⇒ ‖C‖

‖Γ‖, ‖Π‖ ⇒ ‖C‖

‖Γ, Π ⇒ C‖Re 1.8iv. This is ⊑-left rule. Let ¬¬C1 ≡ ‖C‖ aording to proposition1.5.
‖Γ ⇒ A[s]‖

‖Γ‖ ⇒ ‖A[s]‖

‖B[s], Π ⇒ C‖

‖B[s]‖, ‖Π‖ ⇒ ‖C‖

‖B[s]‖, ‖Π‖ ⇒ ¬¬C1lx ‖A[x]‖ ⊑ ly ‖B[y]‖, ‖Γ‖, ‖Π‖ ⇒ ¬¬C1lx ‖A[x]‖ ⊑ ly ‖B[y]‖, ‖Γ‖, ‖Π‖,¬C1 ⇒ ⊥ 1.3iii
¬¬(lx ‖A[x]‖ ⊑ ly ‖B[y]‖), ‖Γ‖, ‖Π‖,¬C1 ⇒ ⊥

¬¬(lx ‖A[x]‖ ⊑ ly ‖B[y]‖), ‖Γ‖, ‖Π‖ ⇒ ¬¬C1

‖lx A[x] ⊑ ly B[y], ‖Γ‖, ‖B‖ ⇒ ‖C‖

‖lx A[x] ⊑ ly B[y], Γ, Π ⇒ C‖Re 1.8v. This is `⊑-right'.
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‖Γ, A[a] ⇒ B[a]‖

‖Γ‖, ‖A[a]‖ ⇒ ‖B[a]‖

‖Γ‖ ⇒ lx ‖A[x]‖ ⊑ ly ‖B[y]‖

‖Γ‖ ⇒ ¬¬(lx ‖A[x]‖ ⊑ ly ‖B[y]‖)

‖Γ ⇒ lx A[x] ⊑ ly B[y]‖ qed2. Addition 130d. Appliation of the �xed point property:a numeralwise representation of the reursive funtionsin L
i
Dl2The possibility of obtaining a de�nition of the natural numbers in L

i
Dlthat would provide indution in a �seond order style� as, e.g., in setion41f in [15℄, is out of question for simple ordinal reasons: the onsistenyof L

i
Dl is already provable by means of a simple indution. As a result,the possibility of de�ning reursive funtions in a �Dedekind style� is notopen.3There is, however, the possibility of numeralwise representing all re-ursive funtions. This possibility is essentially based on two features ofontration free logi with unrestrited abstration, viz.,� the (diret) �xed point property, and� the ontratibility of ≡-w�s.The (diret) �xed point property provides for terms that numeralwise rep-resent reursive funtions somewhat like the reursion theorem providesfor partial reursive funtions.4 What is spei� about this numeralwiserepresentation of reursive funtion is the role of identity; i.e., what is
2 This addition was sparked by [18℄ and [19℄. Cf. also [6℄. An atual proof of thenumeralwise representability of the reursive funtions does not seem to be availablein print. [18℄ is not published and [19℄ only states the result with referene to [18℄.
3 It is possible, of ourse, to provide de�nitions in that style, but due to thededutive weakness of L

i
Dl their harateristi properties annot be proved in L

i
Dl.As emphasized in [19℄, p. 10 (albeit with regard to a slightly di�erent system), �suha theory is desriptively rih� but �proof theoretially very weak (as its onsisteny isestablished by the indution up to ω).�

4 There is a signi�ant di�erene, though: the reursion theorem is ompatiblewith lassial logi, but not so the (diret) �xed point theorem.



102 uwe petersenbeing onsidered are numerals, not anything that equals it.5 In this waysome valuable lassial features are resued for our non-lassial situationlike the very ontratibility of ≡-w�s.This approah works well for all funtions de�ned by n-reursion. Itis the sort of losure operation onstituted by minimization that needsspeial attention. What is required is a form of trihotomy in order toprove that minimization an be numeralwise represented.The proximity of the proof presented here to the one in [3℄, pp. 192�199, or [2℄, pp. 166�171, for the ase of Robinson's arithmeti will beobvious. The main point is that the smaller relation and with it the rep-resentation of the least number operater is based on a term B
∗ whih isintrodued as a �xed point. It ats like a strengthened kind of B-axiom6 inthat it allows to prove a form of trihotomy. As in the ase of Robinson'sarithmeti heavy weight lies on the use of meta-theoretial indution.That's where results are only established for numerals.I begin with an adaptation of the notion of numeralwise representa-tion to the situation of L

i
Dl.Definitions 2.1. (1) A k-plae total funtion f is said to be numeralwiserepresented by f in L

i
Dl, if the following holds:if f(~n) = m, then {

⊢
L
i
Dl 〈̊~n, m〉̊∈f

⊢
L
i
Dl ∧

x (̊〈~n , x〉̊∈f → x ≡ m)for all k-tuples ~n of natural numbers and natural numbers m.(2) A funtion f is said to be numeralwise representable in L
i
Dl, if thereis a term t whih numeralwise represents f in L

i
Dl.Next ome the exlusive suessor notion and some of its propertieswhih will be needed later.Definition 2.2. s½̊ :≡ lx(x∈s ⋄ x ≡ s) .

5 This means, in partiular, that funtions annot be employed to apply to argu-ments; i.e., , instead of f [[x]] = y one only has something like 〈̊y, x〉̊∈f .
6 Cf. in de�nition 128.36 on p. 1764 of [15℄.



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 103Proposition 2.3. Sequents aording to the following shemata are L
i
Dl-deduible.

⇒ s∈s½̊(2.3i)
s½̊ ≡ 0 ⇒(2.3ii)
s½̊ ≡ t½̊ ⇒ s∈t½̊(2.3iii)
s∈n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n(2.3iv)
s½̊ ≡ n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n(2.3v)
s ≡ n½̊, s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⇒(2.3vi)
s½̊ ≡ n½̊ ⇒ s ≡ n(2.3vii)Proof. Re 2.3i and 2.3ii. As for their inlusive ounterparts, f. 128.29iand 128.29ii in [15℄, p. 1759.Re 2.3iii.

⇒ s∈s½̊ s∈t½̊ ⇒ s∈t½̊
s∈s½̊ → s∈t½̊ ⇒ s∈t½̊

s½̊ ≡ t½̊ ⇒ s∈t½̊Re 2.3iv. Employ a meta-theoretial indution on n.
n = 0:

s∈0 ⇒ s ≡ 0 ⇒ s½̊ ≡ 0½̊
s∈0½̊ ⇒ s ≡ 0

s∈0½̊ ⇒ s½̊ ≡ 0½̊
============================
s∈0½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n

n = m½̊ :
s∈m½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ m s ≡ m½̊ ⇒ s ≡ m½̊

s∈m½̊ ⋄ s ≡ m½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ m ⋄ s ≡ m½̊
s∈m½̊ ½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ m ⋄ s ≡ m½̊Re 2.3v. Employ a ut on 2.3iii and 2.3iv:

s½̊ ≡ n½̊ ⇒ s∈n½̊ s∈n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n
♣

s½̊ ≡ n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ nRe 2.3vi. Employ a meta-theoretial indution on n. For n = 0, the situ-ation is immediately lear from 126.45i in [15℄:



104 uwe petersenAs regards n = m½̊ :
m½̊ ½̊ ≡ 0½̊ ⇒

s½̊ ≡ m½̊ ½̊, s½̊ ≡ 0½̊ ⇒ . . .

m½̊ ½̊ ≡ m½̊ ⇒
s½̊ ≡ m½̊ ½̊, s½̊ ≡ m½̊ ⇒n ⋄-introdutions left

s½̊ ≡ m½̊ ½̊, s½̊ ≡ 0 ⋄ · · · ⋄ s½̊ ≡ m½̊ ⇒Re 2.3vii. This is now an immediate onsequene of 2.3v and 2.3vi:
s½̊ ≡ n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n s½̊ ≡ n½̊, s½̊ ≡ 0 ⋄ · · · ⋄ s½̊ ≡ n ⇒

s½̊ ≡ n½̊ ⇒ s ≡ n qedIn view of result 10.6 in [15℄, p. 77, it is su�ient to onsider:1. basi funtions Z, S, I, and the harateristi funtion of equality2. omposition3. addition and multipliation4. minimizationI begin with a numeralwise representation of the funtions listed under 1and 2.Definitions 2.4. (1) zero :≡ lxy(y ≡ 0) .(2) su :≡ lxy(y ≡ x½̊) .(3) idm
n :≡ l~xy(y ≡ xn) .(4) har= :≡ lxyz ((x ≡ y � z ≡ 0) ∨ (x 6≡ y � z ≡ 1)) .(4) omp[h,~g ] :≡ l~x~yz (̊〈~x , y1〉̊∈g1 � . . . �̊ 〈~x, yn〉̊∈gn �̊ 〈~y , z〉̊∈h) .Remark 2.5. In view of the de�nition of lxy F[x, y], the de�nition ofzero, e.g., amounts to lz ∨

x
∨

y(z ≡ 〈̊x, y〉̊� y ≡ 0) .7Proposition 2.6.zero numeralwise represents the zero funtion Z(2.6i) su numeralwise represents the suessor funtion S(2.6ii) id numeralwise represents I(2.6iii)
7 The axiom employed in [18℄ amounts to lz W

x(z ≡ 〈̊x, 0〉̊) in my symbolism.



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 105har= numeralwise represents the harateristi funtion(2.6iv) of equality χeqomp[h,~g ] numeralwise represents the omposition of(2.6v) funtions Cn[h, g1, . . . , gm]Proof. Completely straightforward, but to see the point of the notion ofidentity in the de�nitions, I just indiate how to treat the ase of zero:What has to be shown is
⊢

L
i
Dl 〈̊n, 0〉̊∈lxy(y ≡ 0), and

⊢
L
i
Dl ∧

x (̊〈n, x〉̊∈ zero → x ≡ 0) .The �rst one redues to 0 ≡ 0 and the seond one to a ≡ 0 ⇒ a ≡ 0. qedProposition 2.7. There are terms add and mult satisfying(2.7i) L
i
Dl ⊢ add = lx1x2x3 ((x2 ≡ 0 � x3 ≡ x1)⋄∨

y
∨

z (x2 ≡ y ½̊ � x3 ≡ z ½̊ �̊ 〈̊〈x1 , y〉̊, z〉̊∈add))(2.7ii) L
i
Dl ⊢ mult = lx1x2x3 ((x2 ≡ 0 � x3 ≡ 0)⋄

∨
y

∨
z (x2 ≡ y ½̊ �̊ 〈̊〈z, x1 〉̊, x3 〉̊∈add �̊ 〈̊〈x1 , y〉̊, z〉̊∈mult))Proof. This is again an immediate onsequene of the �xed point property.qedThe following onvention is introdued for the onveniene of formu-lating results regarding add and mult .Convention 2.8.(1) ADD :≡ lx1x2x3 ((x2 ≡ 0 � x3 ≡ x1)⋄∨

y
∨

z (x2 ≡ y ½̊ � x3 ≡ z ½̊ �̊ 〈̊〈x1 , y〉̊, z〉̊∈add))(2) MULT :≡ lx1x2x3 ((x2 ≡ 0 � x3 ≡ 0)⋄
∨

y
∨

z (x2 ≡ y ½̊ �̊ 〈̊〈z, x1 〉̊, x3 〉̊∈add �̊ 〈̊〈x1 , y〉̊, z〉̊∈mult))



106 uwe petersenCorollary 2.9. Inferenes aording to the following shemata are L
i
Dl-derivable

s∈ADD, Γ ⇒ C

s∈add , Γ ⇒ C
(2.9i)

Γ ⇒ s∈ADD

Γ ⇒ s∈add
(2.9ii)

s∈MULT , Γ ⇒ C

s∈mult , Γ ⇒ C
(2.9iii)

Γ ⇒ s∈MULT

Γ ⇒ s∈mult
(2.9iv)Proposition 2.10. Sequents aording to the following shemata are
L
i
Dl-deduible.

⇒ 〈̊̊〈s, 0〉̊, s〉̊∈add(2.10i)
〈̊̊〈s, t〉̊, r〉̊∈add ⇒ 〈̊̊〈s, t½̊ 〉̊, r½̊ 〉̊∈add(2.10ii)
〈̊̊〈s, 0〉̊, t〉̊∈add ⇒ t ≡ s(2.10iii)
∧

x (̊〈̊〈s, n〉̊, x〉̊∈ add → x ≡ p),̊ 〈̊〈s, n½̊ 〉̊, t〉̊∈add ⇒ t ≡ p½̊(2.10iv)Proof. Re 2.10i.
⇒ 0 ≡ 0 ⇒ s ≡ s

⇒ 0 ≡ 0 � s ≡ s

⇒ (0 ≡ 0 � s ≡ s) ⋄
∨

y
∨

z (0 ≡ y ½̊ � s ≡ z ½̊ �̊ 〈̊〈s, y〉̊, z〉̊∈add)

⇒ 〈̊̊〈s, 0〉̊, s〉̊∈addRe 2.10ii. In view of 2.19i below, this is left to the reader.
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t ≡ s ⇒ t ≡ s

0 ≡ 0, t ≡ s ⇒ t ≡ s

0 ≡ 0 � t ≡ s ⇒ t ≡ s

0 ≡ b½̊ ⇒
========================
0 ≡ b½̊, t ≡ c½̊ ,̊ 〈̊〈s, b〉̊, c〉̊∈add) ⇒

==========================
0 ≡ b½̊ � t ≡ c½̊ �̊ 〈̊〈s, b〉̊, c〉̊∈add) ⇒

=================================∨
y

∨
z (0 ≡ y ½̊ � t ≡ z ½̊ �̊ 〈̊〈s, y〉̊, z〉̊∈add) ⇒

(0 ≡ 0 � t ≡ s) ⋄
∨

y
∨

z (0 ≡ y ½̊ � t ≡ z ½̊ �̊ 〈̊〈s, y〉̊, z〉̊∈add) ⇒ t ≡ s 2.9ii
〈̊̊〈s, 0〉̊, t〉̊∈add ⇒ t ≡ sRe 2.10iv. Let A stand for ∧

x (̊〈̊〈s, n〉̊, x〉̊∈ add → x ≡ p) and C for∨
y

∨
z (n½̊ ≡ y ½̊ � t ≡ z ½̊ �̊ 〈̊〈s, y〉̊, z〉̊∈add):

⇒ ¬(n½̊ ≡ 0 � t ≡ s)

〈̊̊〈s,n〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n〉̊, c〉̊∈add

c ≡ p ⇒ c½̊ ≡ p½̊
c ≡ p, t ≡ c½̊ ⇒ t ≡ p½̊

〈̊̊〈s,n〉̊, c〉̊∈add → c ≡ p, t ≡ c½̊ ,̊ 〈̊〈s,n〉̊, c〉̊∈add ⇒ t ≡ p½̊
A, t ≡ c½̊ ,̊ 〈̊〈s,n〉̊, c〉̊∈add ⇒ t ≡ p½̊

A, n ≡ b, t ≡ c½̊ ,̊ 〈̊〈s, b〉̊, c〉̊∈add ⇒ t ≡ p½̊ 2.3vii
A, n½̊ ≡ b½̊, t ≡ c½̊ ,̊ 〈̊〈s, b〉̊, c〉̊∈add ⇒ t ≡ p½̊

=================================
A, n½̊ ≡ b½̊ � t ≡ c½̊ �̊ 〈̊〈s, b〉̊, c〉̊∈add ⇒ t ≡ p½̊
=================================
V

x (̊〈̊〈s,n〉̊, x〉̊∈add → x ≡ p),C ⇒ t ≡ p½̊
V

x (̊〈̊〈s,n〉̊, x〉̊∈add → x ≡ p), (n½̊ ≡ 0 � t ≡ s) ⋄ C ⇒ t ≡ p½̊ 2.9ii
V

x (̊〈̊〈s,n〉̊, x〉̊∈add → x ≡ p),̊ 〈̊〈s,n½̊ 〉̊, t〉̊∈add ⇒ t ≡ p½̊ qedProposition 2.11. Sequents aording to the following shemata are
L
i
Dl-deduible.

⇒ 〈̊̊〈s, 0〉̊, 0〉̊∈mult(2.11i)
〈̊̊〈s, t〉̊, s1 〉̊∈mult ,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒ 〈̊̊〈s, t½̊ 〉̊, r〉̊∈mult(2.11ii)
〈̊̊〈s, 0〉̊, t〉̊∈mult ⇒ t ≡ 0(2.11iii)
∧

x (̊〈̊〈s, n〉̊, x〉̊∈mult → x ≡ r1),̊ 〈̊〈s, n
½̊ 〉̊, t〉̊∈mult ,(2.11iv)

∧
x (̊〈̊〈r1 , s〉̊, x〉̊∈add → x ≡ r2) ⇒ t ≡ r2



108 uwe petersenProof. Essentially as for 2.10; I shall only treat the seond as an example.Re 2.11ii. To save spae, let C be short for (t½̊ ≡ 0 � r ≡ 0) and A for
〈̊̊〈s, t〉̊, s1 〉̊∈mult :

A ⇒ t½̊ ≡ t½̊ �̊ 〈̊〈s, t〉̊, s1〉̊∈mult 〈̊̊〈s1, s〉̊, r〉̊∈add ⇒ 〈̊̊〈s1, s〉̊, r〉̊∈add

============================================================
〈̊̊〈s, t〉̊, s1 〉̊∈mult ,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒ t½̊ ≡ t½̊ �̊ 〈̊〈s1, s〉̊, r〉̊∈add �̊ 〈̊〈s, t〉̊, s1 〉̊∈mult

============================================================
A,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒

W

y
W

z (t½̊ ≡ y ½̊
�̊ 〈̊〈z, s〉̊, r〉̊∈add �̊ 〈̊〈x1, y〉̊, z〉̊∈mult)

A,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒ C ⋄
W

y
W

z (t½̊ ≡ y ½̊
�̊ 〈̊〈z, s〉̊, r〉̊∈add �̊ 〈̊〈x1, y〉̊, z〉̊∈mult)

〈̊̊〈s, t〉̊, s1〉̊∈mult ,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒ 〈̊̊〈s, t½̊〉̊, r〉̊∈multRe 2.11iv. To save spae, let A stand for ∧
x (̊〈̊〈s, n〉̊, x〉̊∈mult → x ≡ r1)and C for ∨

y
∨

z (n½̊ ≡ y ½̊ �̊ 〈̊〈z, s〉̊, t〉̊∈add �̊ 〈̊〈s, y〉̊, z〉̊∈mult) and F for∧
x (̊〈̊〈r1 , s〉̊, x〉̊∈add → x ≡ r2):

⇒ ¬(n½̊ ≡ 0 � t ≡ 0)

〈̊̊〈s,n〉̊, c〉̊∈mult ⇒ 〈̊̊〈s,n〉̊, c〉̊∈mult

〈̊̊〈r1, s〉̊, t〉̊∈add ⇒ 〈̊̊〈r1, s〉̊, t〉̊∈add t ≡ r2 ⇒ t ≡ r2

〈̊̊〈r1, s〉̊, t〉̊∈add → t ≡ r2 ,̊ 〈̊〈r1, s〉̊, t〉̊∈add ⇒ t ≡ r2

F ,̊ 〈̊〈r1, s〉̊, t〉̊∈add ⇒ t ≡ r2

c ≡ r1,F ,̊ 〈̊〈c, s〉̊, t〉̊∈add ⇒ t ≡ r2

〈̊̊〈s,n〉̊, c〉̊∈mult → c ≡ r1 ,̊ 〈̊〈c, s〉̊, t〉̊∈add ,̊ 〈̊〈s, n〉̊, c〉̊∈mult ,F ⇒ t ≡ r2

A,̊ 〈̊〈c, s〉̊, t〉̊∈add ,̊ 〈̊〈s,n〉̊, c〉̊∈mult ,F ⇒ t ≡ r2

A, n ≡ b,̊ 〈̊〈c, s〉̊, t〉̊∈add ,̊ 〈̊〈s, b〉̊, c〉̊∈mult ,F ⇒ t ≡ r2 2.3vii
A, n½̊ ≡ b½̊,̊ 〈̊〈c, s〉̊, t〉̊∈add ,̊ 〈̊〈s, b〉̊, c〉̊∈mult ,F ⇒ t ≡ r2

===========================================
A, n½̊ ≡ b½̊ �̊ 〈̊〈c, s〉̊, t〉̊∈add �̊ 〈̊〈s, b〉̊, c〉̊∈mult ,F ⇒ t ≡ r2

===========================================
A, C,F ⇒ t ≡ r2

A,¬(n½̊ ≡ 0 � n ≡ 0) ⋄ C,F ⇒ t ≡ r2 2.9iv
A,̊ 〈̊〈s, n½̊〉̊, t〉̊∈mult ,F ⇒ t ≡ r2 qedProposition 2.12.

add numeralwise represents the funtion +(2.12i)
mult numeralwise represents the funtion ·(2.12ii)



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 109Proof. Re 2.12i. What has to be shown is that if m + n = p, then
⊢

L
i
Dl 〈̊̊〈m, n〉̊, p〉̊∈add , and

⊢
L
i
Dl ∧

x (̊〈̊〈m, n〉̊, x〉̊∈ add → x ≡ p) .In both ases, employ a meta-theoretial indution on n.As regards the �rst one:
n = 0. What has to be shown is ⊢

L
i
Dl 〈̊̊〈m, 0〉̊, m〉̊∈add . This is 2.10i.

n = k′. What has to be shown is that if p is the numerial value of
m + k, then ⊢

L
i
Dl 〈̊̊〈m, k½̊ 〉̊, p½̊ 〉̊∈add . By the indution hypothesis, ⊢

L
i
Dl

〈̊̊〈m, k〉̊, p〉̊∈add . This yields the laim by a ut with 2.10ii.As regards the seond one:
n = 0. What has to be shown is ⊢

L
i
Dl ∧

x (̊〈̊〈m, 0〉̊, x〉̊∈ add → x ≡ m).This is easily obtained from 2.10iii.
n = k′. What has to be shown is that if p is the numerial value of m + k,then ⊢

L
i
Dl ∧

x (̊〈̊〈m, k½̊ 〉̊, x〉̊∈add → x ≡ p½̊). By the indution hypothesis,
⊢

L
i
Dl ∧

x (̊〈̊〈m, k〉̊, x〉̊∈ add → x ≡ p). By a ut with 2.10ii this yields
⊢

L
i
Dl 〈̊̊〈m, k½̊ 〉̊, c〉̊∈add ⇒ c ≡ p½̊ whih yields the laim by →- and ∧-introdution.Re 2.12ii. What has to be shown is that if m · n = p, then
⊢

L
i
Dl 〈̊̊〈m, n〉̊, p〉̊∈mult , and

⊢
L
i
Dl ∧

x (̊〈̊〈m, n〉̊, x〉̊∈mult → x ≡ p) .Again, employ meta-theoretial indutions on n.As regards the �rst one:
n = 0. What has to be shown is ⊢

L
i
Dl 〈̊̊〈m, 0〉̊, 0〉̊∈mult . This is 2.11i.

n = k′. What has to be shown is that if p is the numerial value of
m · k and q is the numerial value of p + m, then ⊢

L
i
Dl 〈̊̊〈m, k½̊ 〉̊, q〉̊∈mult .By the indution hypothesis, ⊢

L
i
Dl 〈̊̊〈m, k〉̊, p〉̊∈mult and by 2.12i, ⊢

L
i
Dl

〈̊̊〈p, m〉̊, q〉̊∈add . Two uts with 2.11ii yield the laim.As regards the seond one:
n = 0. What has to be shown is ⊢

L
i
Dl ∧

x (̊〈̊〈m, 0〉̊, x〉̊∈mult → x ≡ 0).This is easily obtained from 2.11iii.
n = k′. Let p be the numerial value of m · k and q that of p + m. Then,by the indution hypothesis, ⊢

L
i
Dl ∧

x (̊〈̊〈m, k〉̊, x〉̊∈mult → x ≡ p) andby 2.12i, ⊢
L
i
Dl ∧

x (̊〈̊〈p, m〉̊, x〉̊∈ add → x ≡ q). Two uts with 2.11iv yield
⊢

L
i
Dl 〈̊̊〈m, k½̊ 〉̊, t〉̊∈mult ⇒ t ≡ q . Applying a →- and a ∧-introdutionthen yields ⊢

L
i
Dl ∧

x (̊〈̊〈m, k½̊ 〉̊, x〉̊∈mult → x ≡ q). qed



110 uwe petersenRemark 2.13. Of ourse, all total funtions de�nable by 1-reursion anbe numeralwise represented in that way. If the funtion f is de�ned byprimitive reursion from the funtions g and h, and g and h are representedin L
i
Dl by g and h, respetively, then f is represented by the term fsatisfying the following �xed point property in L

i
Dl:

f = lx1x2x3 ((x2 ≡ 0 �̊ 〈x1, x3 〉̊∈g)⋄
∨

y
∨

z (x2 ≡ y ½̊ �̊ 〈̊〈x1, y〉̊, z〉̊∈f �̊ 〈̊〈̊〈x1 , y〉̊, z〉̊, x3 〉̊∈h)) .As a matter of fat, n-reursion an be represented in that way too. Asan example, onsider the so-alled Akermann funtion. Employ the fol-lowing �xed point ak for a numeralwise representation of the Akermannfuntion:ak = lx1x2x3 ((x1 ≡ 0 � x3 ≡ x2
½̊) ⋄

∨
y (x1 ≡ y ½̊ � x2 ≡ 0 �̊ 〈̊〈y, 0½̊ 〉̊, x3 〉̊∈ak) ⋄∨

y1

∨
y2

∨
z (x1 ≡ y1

½̊
� x2 ≡ y2

½̊
�̊ 〈̊〈x1, y2〉̊, z〉̊∈ak �̊ 〈̊〈x1 , z〉̊, x3 〉̊∈ak) .In other words, all stages of reursion an be numeralwise represented ina straightforward manner. This may provoke the question as to what theleast number operator atually adds to the notion of reursion.The following shemata of inferene will ome handy in the furtherpresentation. They are instanes of what I alled an �exlusion priniple�in remarks 116.6 and 119.1 in [15℄, for example.Proposition 2.14. Inferenes aording to the following shemata are

L
i
Dl-derivable.

Γ ⇒ F[s, 0, s] Γ,̊ 〈̊〈s, a〉̊, b〉̊∈add ⇒ F[s, a½̊, b½̊]
Γ,̊ 〈̊〈s, t〉̊, r〉̊∈ add ⇒ F[s, t, r]

(2.14i)
Γ ⇒ F[s, 0, s] Γ,̊ 〈̊〈b, s〉̊, r〉̊∈add ,̊ 〈̊〈s, a〉̊, b〉̊∈mult ⇒ F[s, a½̊, r]

Γ,̊ 〈̊〈s, t〉̊, r〉̊∈mult ⇒ F[s, t, r]
(2.14ii)
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Γ ⇒ F[s, 0, s]

====================
Γ, t ≡ 0, r ≡ s ⇒ F[s, t, r]

Γ, t ≡ 0 � r ≡ s⇒ F[s, t, r]

Γ,̊ 〈̊〈s, a〉̊, b〉̊∈add ⇒ F[s, a½̊, b½̊]
Γ, t ≡ a½̊, r ≡ b½̊,̊ 〈̊〈s, a〉̊, b〉̊∈add ⇒ F[s, t, r]

==================================
Γ, t ≡ a½̊

� r ≡ b½̊ �̊ 〈̊〈s, a〉̊, b〉̊∈add ⇒ F[s, t, r]
=========================================
Γ,

W

y
W

z (t ≡ y ½̊
� r ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)⇒F[s, t, r]

Γ, (t ≡ 0 � r ≡ s) ⋄
W

y
W

z (t ≡ y ½̊
� r ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add) ⇒ F[s, t, r]

Γ,̊ 〈̊〈s, t〉̊, r〉̊∈add ⇒ F[s, t, r]Re 2.14ii. Let A :≡ (t ≡ ∗1
½̊

�̊ 〈̊〈∗2, s〉̊, r〉̊∈add �̊ 〈̊〈s, ∗1 〉̊, ∗2 〉̊∈mult):
Γ ⇒ F[s, 0, 0]

====================
Γ, t ≡ 0, r ≡ 0 ⇒ F[s, t, r]

Γ, t ≡ 0 � r ≡ 0 ⇒ F[s, t, r]

Γ,̊ 〈̊〈b, s〉̊, r〉̊∈add ,̊ 〈̊〈s, a〉̊, b〉̊∈mult ⇒ F[s, a½̊, r]
Γ, t ≡ a½̊ ,̊ 〈̊〈b, s〉̊, r〉̊∈add ,̊ 〈̊〈s, a〉̊, b〉̊∈mult ⇒ F[s, t, r]
========================================

Γ, A[a, b] ⇒ F[s, t, r]
=====================
Γ,

W

y
W

z A[y, z] ⇒ F[s, t, r]

Γ, (t ≡ 0 � r ≡ 0) ⋄
W

y
W

z A[y, z] ⇒ F[s, t, r]

Γ,̊ 〈̊〈s, t〉̊, r〉̊∈mult ⇒ F[s, t, r] qedProposition 2.15. Sequents aording to the following shemata are
L
i
Dl-deduible.

〈̊̊〈s½̊, n〉̊, t〉̊∈add ⇒ 〈̊̊〈s, n½̊ 〉̊, t〉̊∈add(2.15i)
〈̊̊〈c½̊, a〉̊, n½̊ 〉̊∈add ⇒ a ≡ 0 ⋄ . . . ⋄ a ≡ n(2.15ii)Proof. Re 2.15i. Employ an indution on n. As regards the indutionbasis, employ 2.10iii:

〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒ t ≡ s½̊
======================================
〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒ 0½̊ ≡ 0½̊ � t ≡ s½̊ �̊ 〈̊〈s,0〉̊, s〉̊∈add

〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒
W

y
W

z (0½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)

〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒ (0½̊ ≡ 0 � t ≡ s) ⋄
W

y
W

z (0½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)

〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒ 〈̊̊〈s,0½̊〉̊, t〉̊∈add
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0 ≡ n½̊ ⇒

0 ≡ n½̊, t ≡ s½̊ ⇒ 〈̊̊〈s, n½̊ ½̊ 〉̊, t〉̊∈add
==========================
0 ≡ n½̊ � t ≡ s½̊ ⇒ 〈̊̊〈s, n½̊ ½̊ 〉̊, t〉̊∈addSeondly, employ the indution hypothesis. In the proof �gure to follow,let C stand for (n½̊ ½̊ ≡ 0 � t ≡ s):

t ≡ c½̊ ⇒ t ≡ c½̊
t ≡ c½̊ �̊ 〈̊〈s½̊, n〉̊, c〉̊∈add ⇒ t ≡ c½̊ 〈̊̊〈s½̊, n〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊〉̊, c〉̊∈add

t ≡ c½̊ �̊ 〈̊〈s½̊, n〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊〉̊, c〉̊∈add

t ≡ c½̊ �̊ 〈̊〈s½̊, n〉̊, c〉̊∈add ⇒ t ≡ c½̊ �̊ 〈̊〈s,n½̊〉̊, c〉̊∈add

t ≡ c½̊ �̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ n½̊ ½̊ ≡ n½̊ ½̊
� t ≡ c½̊ �̊ 〈̊〈s,n½̊〉̊, c〉̊∈add

====================================================
t ≡ c½̊ �̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒

W

y
W

z (n½̊ ½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)

t ≡ c½̊ �̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ C ⋄
W

y
W

z (n½̊ ½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)

t ≡ c½̊ �̊ 〈̊〈s½̊, n〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

n ≡ b, t ≡ c½̊ �̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

n½̊ ≡ b½̊, t ≡ c½̊ �̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

n½̊ ≡ b½̊ � t ≡ c½̊ �̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

===============================================
W

y
W

z (n½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s½̊, y〉̊, z〉̊∈add) ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈addTogether:
(0 ≡ n½̊

� t ≡ s½̊) ⋄ W

y
W

z (n½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s½̊, y〉̊, z〉̊∈add) ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

〈̊̊〈s½̊, n½̊〉̊, t〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈addRe 2.15ii. Employ an indution on n. I only onsider the indution step.Let E stand for ∗1 ≡ ∗2 ⋄ · · · ⋄ ∗1 ≡ n½̊ :
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0 ≡ c½̊ ⇒

s ≡ 0 � n½̊ ≡ c½̊ ⇒ s ≡ 0

〈̊̊〈c½̊, a〉̊, n½̊〉̊∈add ⇒ a ≡ 0 ⋄ . . . ⋄ a ≡ n
================================
〈̊̊〈c½̊, a〉̊, n½̊〉̊∈add ⇒ a½̊ ≡ 0½̊ ⋄ . . . ⋄ a½̊ ≡ n½̊
================================
s ≡ a½̊, n½̊ ≡ b,̊ 〈̊〈c½̊, a〉̊, b〉̊∈add ⇒ E[s, 0½̊] 2.3vii
s ≡ a½̊, n½̊ ½̊ ≡ b½̊,̊ 〈̊〈c½̊, a〉̊, b〉̊∈add ⇒ E[s, 0½̊]

==================================
s ≡ a½̊

� n½̊ ½̊ ≡ b½̊ �̊ 〈̊〈c½̊, a〉̊, b〉̊∈add ⇒ E[s, 0½̊]
=========================================
W

y
W

z (s ≡ y ½̊
� n½̊ ½̊ ≡ z ½̊

�̊ 〈̊〈c½̊, y〉̊, z〉̊∈add) ⇒ E[s, 0½̊]
(s ≡ 0 � n½̊ ½̊ ≡ c½̊) ⋄ W

y
W

z (s ≡ y ½̊
� n½̊ ½̊ ≡ z ½̊

�̊ 〈̊〈c½̊, y〉̊, z〉̊∈add) ⇒ E[s, 0]

〈̊̊〈c½̊, s〉̊, n½̊ ½̊〉̊∈add ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n½̊ qedThe essential point for a representation of the least number operatoris the availability of a smaller relation < satisfying the following threeonditions for all terms s and every numeral n:81. ¬(s < 0)2. s < n′ ↔ s = 0 ∨ . . . ∨ s = n3. s < n ∨ s = n ∨ n < si.e., a ertain trihotomy of the natural numbers: two natural numbersare either equal or one of them is smaller than the other. In order to suitthe present framework, the various notions involved have to be adapted.Equality will be replaed by identity, the inlusive suessor will be re-plaed by the exlusive suessor, ∨ will be replaed by ⋄. The task left isto �nd an appropriate notion of <. That's where a rudimentary9 notion ofnatural number omes into play: m is smaller than n, if there is a naturalnumber p suh that m + p = n.What has to be aommodated for is a ertain self-referene in thede�nition of the natural numbers whih is expressed in the simple state-ment: n is a natural number, if it is either 0 or the suessor of a naturalnumber. In other words, natural number is de�ned in terms of itself. Thisis what the �xed point of the next proposition aims at.Proposition 2.16. There is a term B
∗ satisfying

L
i
Dl ⊢ B

∗ = lx (x ≡ 0 ⋄
∨

y (y∈B
∗

� x ≡ y ½̊)) .

8 Cf. [13℄, p. 40, proposition I.3.3. Note, however, that the ∧ in the third onditionlisted there is obviously a typographial error that has to be replaed by ∨.
9 `Rudimentary', beause full indution is not required.



114 uwe petersenProof. This is an immediate onsequene of the �xed point property asstated, e.g., in [14℄, theorem 7.3, p. 382, or theorem 130.8 on p. 1779 of[15℄. qedCorollary 2.17. Inferenes aording to the following shemata are
L
i
Dl-derivable

s∈lx(x ≡ 0 ⋄
∨

y(y∈B
∗

� x ≡ y ½̊)), Γ ⇒ C

s∈B
∗, Γ ⇒ C

(2.17i)
Γ ⇒ s∈lx(x ≡ 0 ⋄

∨
y(y∈B

∗
� x ≡ y ½̊))

Γ ⇒ s∈B
∗

(2.17ii)Definition 2.18. ∨
B

∗

xF[x] :≡
∨

x(x∈B
∗

� F[x]) .I begin by listing the relevant properties of B
∗.Proposition 2.19. Sequents aording to the following shemata are

L
i
Dl-deduible.

⇒ 0∈B
∗(2.19i)

s∈B
∗ ⇒ s½̊∈B

∗(2.19ii)Proof. Re 2.19i. Employ 2.16:
⇒ 0 ≡ 0

⇒ 0 ≡ 0 ⋄
∨

B
∗

y (0 ≡ y ½̊)
⇒ 0∈lx (x ≡ 0 ⋄

∨
B

∗

y (x ≡ y ½̊)) 2.17ii .
⇒ 0∈B

∗Re 2.19ii. Employ 2.16:
s∈B

∗ ⇒ s∈B
∗ ⇒ s½̊ ≡ s½̊

s∈B
∗ ⇒ s∈B

∗
� s½̊ ≡ s½̊

s∈B
∗ ⇒

∨
B

∗

y (s½̊ ≡ y ½̊)
s∈B

∗ ⇒ s½̊ ≡ 0 ⋄
∨

B
∗

y (s½̊ ≡ y ½̊)
s∈B

∗ ⇒ s½̊∈lx (x ≡ 0 ⋄
∨

B
∗

y (x ≡ y ½̊)) 2.17ii .
s∈B

∗ ⇒ s½̊∈B
∗ qed
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L
i
Dl-derivable.

Γ ⇒ F[0] Γ, a∈B
∗ ⇒ F[a½̊]

Γ, s∈B
∗ ⇒ F[s]Proof.

Γ ⇒ F[0]

Γ, s ≡ 0 ⇒ F[s]

Γ, a∈B
∗ ⇒ F[a½̊]

Γ, a∈B
∗, s ≡ a½̊ ⇒ F[s]

Γ, a∈B
∗

� s ≡ a½̊ ⇒ F[s]

Γ,
∨

B
∗

y (s ≡ y ½̊) ⇒ F[s]

Γ, s ≡ 0 ⋄
∨

B
∗

y (s ≡ y ½̊) ⇒ F[s]

Γ, s∈lx(x ≡ 0 ⋄
∨

B
∗

y (x ≡ y ½̊)) ⇒ F[s] 2.17i .
Γ, s∈B

∗ ⇒ F[s] qedFor minimization a smaller-relation between numerals is requiredwhih is introdued next (essentially taken from [18℄, p. 8):Definition 2.21. less :≡ lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) .Proposition 2.22. If m and n are two natural numbers suh that m < n,then ⇒ 〈̊m, n〉̊∈ less is L
i
Dl-deduible.Proof. If m < n, then there is a natural number p suh that p½̊ + m = n.By 2.19,⇒ p∈B

∗ is L
i
Dl-deduible and by the numeralwise representabil-ity of addition, ⇒ 〈̊̊〈p½̊, m〉̊, n〉̊∈add is L

i
Dl-deduible.

⇒ p∈B
∗ ⇒ 〈̊̊〈p½̊, m〉̊, n〉̊∈add

⇒ p∈B
∗

�̊ 〈̊〈p½̊, m〉̊, n〉̊∈add

⇒
∨

B
∗

z (̊〈̊〈z ½̊, m〉̊, n〉̊∈add)

⇒ 〈̊m, n〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) qedProposition 2.23. If n is a natural number, then sequents aording tothe following shemata are L
i
Dl-deduible.

t∈B
∗ ⇒ 〈̊0, t½̊ 〉̊∈ less(2.23i)

s∈B
∗ ,̊ 〈̊〈s½̊ ½̊, n〉̊, t〉̊∈add ⇒ 〈̊n½̊, t〉̊∈ less(2.23ii)
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〈̊n, s〉̊∈ less ⇒ n½̊ ≡ s ⋄ 〈̊n½̊, s〉̊∈ less(2.23iii)
n ≡ s ⇒ 〈̊s, n½̊ 〉̊∈ less(2.23iv)
〈̊s, 0〉̊∈ less ⇒(2.23v)
〈̊s, n½̊ 〉̊∈ less ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n(2.23vi)
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less(2.23vii)Proof. Re 2.23i. Employ 2.10i:

t∈B
∗ ⇒ t∈B

∗ ⇒ 〈̊̊〈t½̊ , 0〉̊, t½̊ 〉̊∈add

t∈B
∗ ⇒ t∈B

∗
�̊ 〈̊〈t½̊ , 0〉̊, t½̊〉̊∈add

t∈B
∗ ⇒

∨
B

∗

z (̊〈̊〈z ½̊, 0〉̊, t½̊〉̊∈add)

t∈B
∗ ⇒ 〈̊0, t½̊ 〉̊∈ lessRe 2.23ii. Employ 2.15i:

s∈B
∗,̊ 〈̊〈s½̊ ½̊, n〉̊, t〉̊∈add ⇒ s∈B

∗
�̊ 〈̊〈s½̊, n½̊〉̊, t〉̊∈add

s∈B
∗,̊ 〈̊〈s½̊ ½̊, n〉̊, t〉̊∈add ⇒

∨
B

∗

z (̊〈̊〈z ½̊, n½̊〉̊, t〉̊∈add)

s∈B
∗,̊ 〈̊〈s½̊ ½̊, n〉̊, t〉̊∈add ⇒ 〈̊n½̊, t〉̊∈ lessRe 2.23iii. Employ an indution on n. As regards the indution basis,employ 2.10iii and 2.23ii. Let C stand for 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ less :

〈̊̊〈0½̊, 0〉̊, s〉̊∈add ⇒ 0½̊ ≡ s

〈̊̊〈0½̊, 0〉̊, s〉̊∈add ⇒ C

a∈B
∗ ,̊ 〈̊〈a½̊ ½̊, 0〉̊, s〉̊∈add ⇒ 〈̊0½̊, s〉̊∈ less

a∈B
∗ ,̊ 〈̊〈a½̊ ½̊, 0〉̊, s〉̊∈add ⇒ C

c∈B
∗ ,̊ 〈̊〈c½̊, 0〉̊, s〉̊∈add ⇒ 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ less

c∈B
∗

�̊ 〈̊〈c½̊ , 0〉̊, s〉̊∈add ⇒ 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ less
∨

B
∗

z (̊〈̊〈z ½̊, 0〉̊, s〉̊∈add) ⇒ 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ less

〈̊0, s〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) ⇒ 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ lessAs regards the indution step, employ again 2.10iii and 2.23ii. Let C standfor n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ less :
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〈̊̊〈0½̊, n½̊〉̊, s〉̊∈add ⇒ n½̊ ½̊ ≡ s

〈̊̊〈0½̊, n½̊〉̊, s〉̊∈add ⇒ C

a∈B
∗ ,̊ 〈̊〈a½̊ ½̊, n½̊〉̊, s〉̊∈add ⇒ 〈̊n½̊ ½̊, s〉̊∈ less

a∈B
∗ ,̊ 〈̊〈a½̊ ½̊, n½̊〉̊, s〉̊∈add ⇒ C

c∈B
∗ ,̊ 〈̊〈c½̊, n½̊〉̊, s〉̊∈add ⇒ n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ less

c∈B
∗

�̊ 〈̊〈c½̊, n½̊〉̊, s〉̊∈add ⇒ n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ less
∨

B
∗

z1 (̊〈̊〈z1
½̊, n½̊ 〉̊, s〉̊∈add) ⇒ n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ less

〈̊n½̊, s〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) ⇒ n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ lessRe 2.23v.
0 ≡ c½̊ ⇒

s ≡ 0 ∧ 0 ≡ c½̊ ⇒ 0 ≡ b½̊ ⇒
===========================
s ≡ a½̊ ∧ 0 ≡ b½̊ ∧ 〈̊̊〈c½̊ , a〉̊, b〉̊∈add ⇒

=================================∨
y

∨
z (s ≡ y ½̊ � 0 ≡ z ½̊ �̊ 〈̊〈c½̊ , y〉̊, z〉̊∈add) ⇒

(s ≡ 0 � 0 ≡ c½̊) ⋄ ∨
y

∨
z (s ≡ y ½̊ � 0 ≡ z ½̊ �̊ 〈̊〈c½̊, y〉̊, z〉̊∈add) ⇒

〈̊̊〈c½̊ , s〉̊, 0〉̊∈add ⇒

c∈B
∗ ,̊ 〈̊〈c½̊, s〉̊, 0〉̊∈add ⇒

c∈B
∗

�̊ 〈̊〈c½̊, s〉̊, 0〉̊∈add ⇒
∨

B
∗

z (̊〈̊〈z ½̊, s〉̊, 0〉̊∈add) ⇒

〈̊s, 0〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) ⇒Re 2.23vi. Employ 2.15ii:
〈̊̊〈c½̊, s〉̊, n½̊ 〉̊∈add ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n

c∈B
∗ ,̊ 〈̊〈c½̊, s〉̊, n〉̊∈add ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n

c∈B
∗

�̊ 〈̊〈c½̊, s〉̊, n〉̊∈add ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n
∨

B
∗

z (̊〈̊〈z ½̊, s〉̊, n½̊ 〉̊∈add) ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n

〈̊s, n½̊ 〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊ , x〉̊, y〉̊∈add) ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ nRe 2.23vii. Distinguish two ases aording to whether n = 0 or n = p½̊,
p ∈ N. The �rst ase is an immediate onsequene of 2.23v. As regards



118 uwe petersenthe seond ase, employ 2.23vi and 2.22:
〈̊s, p½̊〉̊∈less ⇒ s ≡ 0 ⋄ · · · ⋄ s ≡ p

⇒ 〈̊0, p½̊½̊〉̊∈less

s ≡ 0 ⇒ 〈̊s, p½̊ ½̊〉̊∈less

⇒ 〈̊0½̊, p½̊½̊〉̊∈ less

s ≡ 0½̊ ⇒ 〈̊s, p½̊½̊〉̊∈less

s ≡ 0 ⋄ s ≡ 0½̊ ⇒ 〈̊s, p½̊½̊〉̊∈less

p analogous ⋄-introdutions
s ≡ 0 ⋄ · · · ⋄ s ≡ p ⇒ 〈̊s, p½̊ ½̊〉̊∈ less

♣

〈̊s, p½̊〉̊∈ less ⇒ 〈̊s, p½̊ ½̊〉̊∈less qedProposition 2.24. For all natural numbers n, sequents aording to thefollowing shemata are L
i
Dl-deduible.

s∈B
∗ ⇒ 〈̊s, 0〉̊∈ less ⋄ s ≡ 0 ⋄ 〈̊0, s〉̊∈ less(2.24i)

〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ less ⇒(2.24ii)
〈̊s, n½̊ 〉̊∈ less ⋄ s ≡ n½̊ ⋄ 〈̊n½̊, s〉̊∈ less

s∈B
∗ ⇒ 〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ less(2.24iii)Proof. Re 2.24i. Employ 2.23i:

⇒ 0 ≡ 0
==========================
⇒ 〈̊0, 0〉̊∈ less ⋄ 0 ≡ 0 ⋄̊ 〈0, 0〉̊∈ less

a∈B
∗ ⇒ 〈̊0, a½̊〉̊∈less

================================
a∈B

∗ ⇒ 〈̊a½̊, 0〉̊∈ less ⋄ a½̊ ≡ 0 ⋄̊ 〈0, a½̊〉̊∈ less

.
s∈B

∗ ⇒ 〈̊s, 0〉̊∈less ⋄ s ≡ 0 ⋄ 〈̊0, s〉̊∈lessRe 2.24ii. By 2.23vii
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less

===================================== ,
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less ⋄ s = n½̊ ⋄ 〈̊n½̊, s〉̊∈ lessand by 2.23iv

s ≡ n ⇒ 〈̊s, n½̊ 〉̊∈ less
===================================== .
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less ⋄ s = n½̊ ⋄ 〈̊n½̊, s〉̊∈ lessand by 2.23iii

〈̊n, s〉̊∈ less ⇒ n½̊ ≡ s ⋄ 〈̊n½̊, s〉̊∈ less
===================================== .
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less ⋄ s = n½̊ ⋄ 〈̊n½̊, s〉̊∈ lessTogether:

〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less ⋄ s ≡ n½̊ ⋄ 〈̊n½̊, s〉̊∈ less



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 119Re 2.24iii. Employing 2.24i and 2.24ii for a metatheoretial indutiongives
s∈B

∗ ⇒ 〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ lessfor all natural numbers n. qedCorollary 2.25. Inferenes aording to the following shema are L
i
Dl-derivable

〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ less , Γ ⇒ C

s∈B
∗, Γ ⇒ CProposition 2.26. If m is a natural number, ~n a p-tuple of naturalnumbers and C :≡ 〈̊̊〈∗1, ∗2〉̊, 0〉̊∈s �

∧
z (̊〈z, ∗2〉̊∈ less → 〈̊̊〈∗1, z〉̊, 0〉̊ /∈s), thensequents aording to the following shemata are L

i
Dl-deduible.

〈̊̊〈~n , m〉̊, 0〉̊∈s, m ≡ 0 ⇒ C[~n, m](2.26i)
〈̊̊〈~n , c〉̊, 0〉̊∈s,̊ 〈c, k½̊ 〉̊∈ less ⇒ 〈̊̊〈~n , 0〉̊, 0〉̊∈s ⋄ · · · ⋄ 〈̊̊〈~n , k〉̊, 0〉̊∈s(2.26ii)
〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less , C[~n, m] ⇒(2.26iii)Proof. Re 2.26i. Employ 2.23v:

〈̊̊〈~n, m〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, m〉̊, 0〉̊∈s

〈̊a,0〉̊∈ less ⇒

m ≡ 0,̊ 〈a, m〉̊∈less ⇒

m ≡ 0,̊ 〈a, m〉̊∈less ⇒ 〈̊̊〈~n, a〉̊,0〉̊ /∈s)

m ≡ 0 ⇒ 〈̊a,m〉̊∈less → 〈̊̊〈~n, a〉̊,0〉̊ /∈s)

m ≡ 0 ⇒
V

z1 (̊〈z1, m〉̊∈less → 〈̊̊〈~n, z1 〉̊, 0〉̊ /∈s)
.

〈̊̊〈~n, m〉̊,0〉̊∈s, m ≡ 0 ⇒ 〈̊̊〈~n, m〉̊, 0〉̊∈s �

V

z1 (̊〈z1, m〉̊∈less → 〈̊̊〈~n, z1 〉̊,0〉̊ /∈s)Re 2.26ii. Let A stand for c ≡ 0 ⋄ . . . ⋄ c ≡ k, k ≥ 1. Employ 2.23vi:
〈̊c, k½̊〉̊∈ less ⇒ A

c ≡ 0,̊ 〈̊〈~n, c〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, 0〉̊, 0〉̊∈s c ≡ 0½̊ ,̊ 〈̊〈~n, c〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, 0½̊〉̊, 0〉̊∈s

c ≡ 0 ⋄ c ≡ 0½̊ ,̊ 〈̊〈~n, c〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, 0〉̊, 0〉̊∈s ⋄ · · · ⋄ 〈̊̊〈~n, k〉̊, 0〉̊∈s

k − 1 analogous ⋄-introdutions left
A,̊ 〈̊〈~n, c〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, 0〉̊, 0〉̊∈s ⋄ · · · ⋄ 〈̊̊〈~n, k〉̊, 0〉̊∈s

♣ .
〈̊̊〈~n, c〉̊, 0〉̊∈s,̊ 〈c, k½̊〉̊∈ less ⇒ 〈̊̊〈~n, 0〉̊, 0〉̊∈s ⋄ · · · ⋄ 〈̊̊〈~n, k〉̊, 0〉̊∈s
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〈̊m, c〉̊∈ less ⇒ 〈̊m, c〉̊∈ less

〈̊̊〈~n , m〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n , m〉̊, 0〉̊∈s

〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈̊〈~n , m〉̊, 0〉̊ /∈s ⇒

〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less ,̊ 〈m, c〉̊∈ less → 〈̊̊〈~n , m〉̊, 0〉̊ /∈s ⇒

〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less ,
∧

z (̊〈z, c〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈s) ⇒

〈̊̊〈~n, m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less ,̊ 〈̊〈~n, m〉̊,0〉̊∈s,
V

z (̊〈z, c〉̊∈ less → 〈̊̊〈~n, z〉̊, 0〉̊ /∈s) ⇒

〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less , C[~n, m] ⇒ qedDefinition 2.27.
min[s] :≡ lxy(y∈B

∗
�̊ 〈̊〈~x, y〉̊, 0〉̊∈s �

∧
z (̊〈z, y〉̊∈ less → 〈̊̊〈~x, z〉̊, 0〉̊ /∈s)) .Proposition 2.28. If the funtion g(~x , y) is numeralwise represented in

L
i
Dl by the term g, and the funtion f(~x) = µy (g(~x , y) = 0) obtainedfrom g by µ-reursion is total, then f is numeralwise represented in L

i
Dlby min[g].Proof. If g(~n , m) = 0 and f(~n) = m, i.e., µy (g(~n , y) = 0) = m, then bythe assumption that g is numeralwise represented in L

i
Dl by g, we havethat

⇒ 〈̊̊〈~n , m〉̊, 0〉̊∈g, and(2.28i)
⇒

∧
x (̊〈̊〈~n , m〉̊, x〉̊∈g → x ≡ 0)(2.28ii)

〈̊̊〈~n , i〉̊, 0〉̊∈g ⇒ if for all i < m(2.28iii)are L
i
Dl-deduible. In addition, 2.28iii yields:

〈̊̊〈~n , 0〉̊, 0〉̊∈g ⋄ · · · ⋄ 〈̊̊〈~n , k〉̊, 0〉̊∈g ⇒(2.28iv)for k′ = m by suessive ⋄-introdution. (There is no i < m for m = 0.)Now, what has to be shown for the numeralwise representability ofminimization is that
⇒ 〈̊~n, m〉̊∈min [g], and
⇒

∧
x (̊〈~n, x〉̊∈min[g] → x ≡ m) .are L

i
Dl-deduible. First of all, utting 2.28i with 2.26i yields

m ≡ 0 ⇒
∧

z1 (̊〈z1, m〉̊∈ less → 〈̊̊〈~n , z1〉̊, 0〉̊ /∈s) , and



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 121utting 2.26ii and 2.28iv gives way to the following dedution:
〈̊̊〈~n , c〉̊, 0〉̊∈g,̊ 〈c, k½̊ 〉̊∈ less ⇒

〈̊c, k½̊ 〉̊∈ less ⇒ 〈̊̊〈~n , c〉̊, 0〉̊ /∈g

〈̊c, m〉̊∈ less , m ≡ k½̊ ⇒ 〈̊̊〈~n , c〉̊, 0〉̊ /∈g

m ≡ k½̊ ⇒ 〈̊c, m〉̊∈ less → 〈̊̊〈~n , c〉̊, 0〉̊ /∈g

m ≡ k½̊ ⇒ ∧
z (̊〈z, m〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈g)This yields

m ≡ 0 ⇒ 〈̊~n, m〉̊∈min [g] , and
m ≡ k½̊ ⇒ 〈̊~n , m〉̊∈min [g]in the following way (where Γ is m ≡ 0, m ≡ k½̊, resp.), employing 2.28i:
⇒ m∈B

∗

⇒ 〈̊̊〈~n , m〉̊, 0〉̊∈g Γ ⇒
∧

z (̊〈z, m〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈g)

Γ ⇒ 〈̊̊〈~n , m〉̊, 0〉̊∈g �

∧
z (̊〈z, m〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈g)

===================================================
Γ ⇒ m∈B

∗
�̊ 〈̊〈~n , m〉̊, 0〉̊∈g �

∧
z (̊〈z, m〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈g))

=========================================================
Γ ⇒ 〈̊~n, m〉̊∈l~xy(y∈B

∗
�̊ 〈̊〈~x , y〉̊, 0〉̊∈g �

∧
z (̊〈z, y〉̊∈ less → 〈̊̊〈~x , z〉̊, 0〉̊ /∈g))Cutting 2.26ii and 2.28iv gives way to the following dedution, where Cis the nominal form 〈̊̊〈~n, ∗1〉̊, 0〉̊∈g :

〈̊̊〈~n , c〉̊, 0〉̊∈g,̊ 〈c, k½̊〉̊∈ less ⇒ C[0] ⋄ · · · ⋄ C[k] C[0] ⋄ · · · ⋄ C[k] ⇒
=================================================== ♣

〈̊̊〈~n , c〉̊, 0〉̊∈g,̊ 〈c, k½̊ 〉̊∈ less ⇒
====================================================
m∈B

∗,̊ 〈̊〈~n , c〉̊, 0〉̊∈g,
∧

z (̊〈z, c〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈s),̊ 〈c, k½̊ 〉̊∈ less ⇒
======================================================
m∈B

∗
�̊ 〈̊〈~n , c〉̊, 0〉̊∈g �

∧
z (̊〈z, c〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈s),̊ 〈c, k½̊ 〉̊∈ less ⇒

〈̊~n, c〉̊∈min[g],̊ 〈c, k½̊ 〉̊∈ less ⇒Sine̊
〈~n, c〉̊∈min [g],̊ 〈c, 0〉̊∈ less ⇒holds almost trivially as a onsequene of
〈̊c, 0〉̊∈ less ⇒ (2.23v) ,and m is either 0 or k′ for some natural number k, we have that
〈̊~n, c〉̊∈min [g],̊ 〈c, m〉̊∈ less ⇒is L

i
Dl-deduible.



122 uwe petersenThe last preparational step is to provide
〈̊~n, c〉̊∈min [g],̊ 〈m, c〉̊∈ less ⇒ .whih is readily obtained from 2.28ii and 2.26iii by means of a ut.This now yields the seond ondition of numeralwise representabilityof minimization in the following way:

c ≡ m ⇒ c ≡ m

〈̊~n, c〉̊∈min[g],̊ 〈c, m〉̊∈less ⇒ 〈̊~n, c〉̊∈min[g],̊ 〈m, c〉̊∈less ⇒

〈̊~n, c〉̊∈min[g],̊ 〈c, m〉̊∈less ⋄ 〈̊m, c〉̊∈less ⇒

〈̊~n, c〉̊∈min[g],̊ 〈c, m〉̊∈less ⋄ 〈̊m, c〉̊∈less ⋄ c ≡ m ⇒ c ≡ m 2.25
〈̊~n, c〉̊∈min[g] ⇒ c ≡ m

⇒ 〈̊~n, c〉̊∈min[g] → c ≡ m
.

⇒
V

x (̊〈~n, x〉̊∈min[g] → x ≡ m) qedTheorem 2.29. The reursive funtions are numeralwise representable in
L
i
Dl.Proof. As for result 45.46 in [15℄, p. 573, this is an immediate onsequeneof the numeralwise representability of addition, multipliation, the iden-tity funtions, the harateristi funtion of equality, omposition, andminimization. qedTheorem 2.30. L

i
Dl is essentially undeidable.Proof. As for any onsistent theory whih allows numeralwise represent-ability of all reursive funtions.10 qedRemark 2.31. In view of the ut eliminability in L

i
Dl, the foregoing tworesults extend to LPl.3. Addition 130f. Fixed points and denotational deviesDe�nite desription an only be established in a somewhat redued formin L

i
Dl, the reason being a ontration that sneaks into the proof ofproposition 41.17 in [15℄, p. 470. Could this ontration possibly do harm?In the present setion I shall show that it atually does.

10 Cf. theorem 48.27 in [15℄, p. 612, for the paradigm of proof.



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 123The failure of extensionality may already be seen as an indiationthat denotation is not quite as straightforward a business as was thoughtin the early days of modern logi. The following appliation of the �xedpoint property to establish the inompatibility of inde�nite desription(ε-operator) with L
i
Dl may well be seen as ontributing to this view.Proposition 3.1. L
i
Dl ∪ {

∨
x F[x] ⇒ F[εx F[x]]} ⊢ ⊥Proof. Take the �xed point φ = εx (φ 6= x) and onsider the followingdedution:

∨
x (φ 6= x) ⇒ φ 6= εx (φ 6= x)

⇒ φ = εx (φ 6= x)

φ 6= εx (φ 6= x) ⇒
♣∨

x (φ 6= x) ⇒

φ 6= 0 ⇒

φ = 1, 1 6= 0 ⇒

φ = 1 ⇒

⇒ φ 6= 1

as on the left
·
·
·∨

x (φ 6= x) ⇒

φ 6= 1 ⇒
♣

⇒ qedRemark 3.2. Notie that there is no ontration involved in this dedu-tion. They are hiding in the ε-initial sequent.11That the ε-operator is not ompatible with L
i
Dl may not surprisepeople who �nd the ε-operator outrageous anyway; so I shall show thatthe least number operator doesn't fare any better.First of all: the formulation of the least number operator has to berestrited to natural numbers. But in view of the fat that only 0 and

1 are employed in the proof above, this is little more than a formality.The de�nition of the natural numbers provided in 41.60 on p. 487 of [15℄would atually do, sine even without ontration it still yields 0 and 1as natural numbers.Proposition 3.3. L
i
Dl ∪ {

∨
Nx F[x] ⇒ F[µx F[x]]} ⊢ ⊥ .

11 This has been used as a onvenient way of �proving� that abandoning ontra-tion is no safeguard against the paradoxes.



124 uwe petersenProof. Take the �xed point φ = µx (φ 6= x) and onsider the followingdedution:
⇒ 0∈N

∨
Nx (φ 6= x) ⇒ φ 6= µx (φ 6= x)

⇒ φ = µx (φ 6= x)

φ 6= µx (φ 6= x) ⇒
♣∨

Nx (φ 6= x) ⇒

0∈N � φ 6= 0 ⇒

0∈N, φ 6= 0 ⇒
♣

φ 6= 0 ⇒

φ = 1, 1 6= 0 ⇒

φ = 1 ⇒

⇒ φ 6= 1

⇒ 1∈N

as on the left
·
·
·∨

Nx (φ 6= x) ⇒

1∈N � φ 6= 1 ⇒

1∈N, φ 6= 1 ⇒
♣

φ 6= 1 ⇒
♣

⇒ qedStill, someone who objets to the least number operator on the basisof the non-�nite harater of the least number priniple12 might not �ndthat too surprising. So I shall go one step further and show that evenwithout the least number priniple one obtains a ontradition.Proposition 3.4.
L
i
Dl ∪ {

∨
Nx (F[x] �

∧
Ny (y < x → ¬F[y])) ⇒ F[µx F[x]]} ⊢ ⊥ .Proof. Take again the �xed point φ = µx (φ 6= x) and onsider the fol-lowing variation of the by now familiar dedution whih yields ∨

Nx (φ 6=
x �

∧
Ny (y < x → ¬(φ 6= y)))) ⇒ instead of ∨

Nx (φ 6= x) ⇒ and ontinueas follows:
⇒ 0∈N

b∈N, b < 0 ⇒ ¬(φ 6= b)

b∈N ⇒ b < 0 → ¬(φ 6= b)

⇒
V

Ny (y < 0 → ¬(φ 6= y))

W

Nx (φ 6= x �

V

Ny (y < x → ¬(φ 6= y)))) ⇒

0∈N � φ 6= 0 �

V

Ny (y < 0 → ¬(φ 6= y)))) ⇒
==================================
0∈N, φ 6= 0,

V

Ny (y < 0 → ¬(φ 6= y)))) ⇒
♣

0∈N, φ 6= 0 ⇒
♣

φ 6= 0 ⇒

12 Cf. proposition 46.20 in [15℄ for the least number priniple in �rst order arith-meti. As regards the non-�nite harater of the least number priniple, f. Bernays inquotation 80.6 in the [15℄.
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Ny (y < 1 → ¬(φ 6= y)))) as follows:

b∈N, b < 1 ⇒ b = 0

φ 6= 0 ⇒

b = 0, φ 6= b ⇒
♣

b∈N, b < 1, φ 6= b ⇒

b∈N, b < 1 ⇒ φ 6= b

b∈N ⇒ b < 1 → φ 6= b

⇒
∧

Ny (y < 1 → ¬(φ 6= y))Continue as above, only with 1 instead of 0:
⇒ 1∈N

⇒
V

Ny (y < 1 → ¬(φ 6= y))

W

Nx (φ 6= x �

V

Ny (y < x → ¬(φ 6= y))) ⇒

1∈N � φ 6= 1 �

V

Ny (y < 1 → ¬(φ 6= y)) ⇒
=================================
1∈N, φ 6= 1,

V

Ny (y < 1 → ¬(φ 6= y)))) ⇒
♣

1∈N, φ 6= 1 ⇒
♣

φ 6= 1 ⇒ qedThis result an be extended to the ι-operator with the usual initialsequent. The point is that the least number operator is just a speial formof de�nite desription and the least number priniple and the only naturalnumbers atually employed are 0 and 1.Convention 3.5.
C[s] :≡ s ∈̊{0, 1}̊� F[s] �

∧
y (y ∈̊{0, 1}̊� y < s → ¬F[y]) .Proposition 3.6. If C[s] is aording to onvention 3.5, then sequentsaording to the following shemata are L

i
Dl-deduible.

a ≡ 0, b ≡ 0 ⇒ a = b(3.6i)
a ≡ 1, b ≡ 1 ⇒ a = b(3.6ii)
a ≡ 0, b ≡ 1, F[a],

∧
y (y ∈̊{0, 1}̊� y < b → ¬F[y]) ⇒ a = b(3.6iii)

a ≡ 1, b ≡ 0, F[b],
∧

y (y ∈̊{0, 1}̊� y < a → ¬F[y]) ⇒ a = b(3.6iv)
C[a], C[b] ⇒ a = b(3.6v)
∨

x C[x] ⇒
∨

x (C[x] ∧
∧

y (C[y] → x = y))(3.6vi)
∨

x C[x] ⇒
∨

x C[x] �

∧
x

∧
y (C[x] � C[y] → x = y)(3.6vii)



126 uwe petersenProof. Re 3.6i and ii. Trivial.Re 3.6iii
⇒ 0 ∈̊{0, 1}̊ ⇒ 0 < 1

⇒ 0 ∈̊{0, 1}̊� 0 < 1
========================
a ≡ 0, b ≡ 1 ⇒ a ∈̊{0, 1}̊� a < b

F[a] ⇒ F[a]

F[a],¬F[a] ⇒

F[a],¬F[a] ⇒ a = b

a ≡ 0, b ≡ 1, F[a], a ∈̊{0, 1}̊� a < b → ¬F[a] ⇒ a = b

a ≡ 0, b ≡ 1, F[a],
∧

y (y ∈̊{0, 1}̊� y < b → ¬F[y]) ⇒ a = bRe 3.6iv. As for 3.6iii; left to the reader.Re 3.6v. This is straightforward onsequene of 3.6i�3.6iv.Re 3.6vi. Employ 3.6v:
C[a] ⇒ C[a]

C[a], C[b] ⇒ a = b

C[a] ⇒ C[b] → a = b

C[a] ⇒
∧

y (C[y] → a = y)

C[a] ⇒ C[a] ∧
∧

y (C[y] → a = y)

C[a] ⇒
∨

x (C[x] ∧
∧

y (C[y] → x = y))
=================================∨

x C[x] ⇒
∨

x (C[x] ∧
∧

y (C[y] → x = y))Re 3.6vii. Straightforward in view of 3.6v; left to the reader. qedTheorem 3.7.
L
i
Dl ∪ {

∨
x (F[x] ∧

∧
y (F[y] → x = y)) ⇒ F[ιx F[x]]} ⊢ ⊥(3.7i)

L
i
Dl ∪ {

∨
xF[x],

∧
z1

∧
z2 (F[z1] � F[z2] → z1 = z2)(3.7ii)

⇒ F[ιx F[x]]} ⊢ ⊥Proof. The point is, of ourse, to �nd an appropriate F. That's whatonvention 3.5 has been designed for. In view of 3.6vi and 3.6vii, both,3.7i and 3.7ii, essentially redue to a form of 3.1, only with ι instead of ε:
∨

x F[x] ⇒ F[ιx F[x]] ,where F :≡ ∗1 ∈̊{0, 1}̊� φ 6= ∗1 �

∧
y (y ∈̊{0, 1}̊� y < ∗1 → ¬(φ 6= ∗1)) with

φ being the �xed point satisfying φ = ιxF[x]. Sine F[ιxF[x]] ⇒ φ 6= ιxF[x]is straightforward, one obtains
∨

x (x ∈̊{0, 1}̊� φ 6= x �

∧
y (y ∈̊{0, 1}̊� y < x → ¬(φ 6= x)) ⇒ φ 6= ιx F[x] .



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 127The further proedure is essentially as for 3.4; the �xed point propertyprovides φ 6= ιx F[x] ⇒ and with some inversions of ∨ and � in theanteedent this gives:
0 ∈̊{0, 1}̊, φ 6= 0,

∧
y (y ∈̊{0, 1}̊� y < 0 → ¬(φ 6= 0)) ⇒ .As before, one gets φ 6= 0 ⇒ and thereby φ 6= 1 ⇒ whih, in turn, yields

⇒
∧

y (y ∈̊{0, 1}̊� y < 1 → ¬(φ 6= 1))as in the proof of 3.4; together with ⇒ 1 ∈̊{0, 1}̊ and
1 ∈̊{0, 1}̊, φ 6= 1,

∧
y (y ∈̊{0, 1}̊� y < 1 → ¬(φ 6= 1)) ⇒one obtains φ 6= 1 ⇒ by ut, hene a ontradition. qed4. Addition 135g: An interpretation of lb in L

i
D

ZlThe availability of a notion of weak impliation aounts for the pos-sibility of expressing an arbitrary number of simple substitutions, i.e.,of substitutions ahieved on the basis of s = t. This, in turn, makes itpossibile to interpret lb in L
i
D

Zl .Definitions 4.1. (1) s ∈̃t :≡
∧

y (s = y ⊃ y∈t) .(2) l†xy F[x, y] :≡ lz ∧
x1

∧
y (z = 〈x1, y〉 ⊃ x1 ∈lx F[x, y]) .(3) LD-translation of l-terms and w�s.

A[‖x‖LD] :≡





A[a] i� x is not bound in A, and a is the�rst in the list of free variables thatdoes not our in A

A[x] otherwise(3.1)
‖lx.A‖LD :≡ l†xy (y = ‖A‖LD)(3.2)
‖AB‖LD :≡ lx∧

y (〈‖B‖LD, y〉 ∈̃‖A‖LD → x∈y)(3.3)
‖A = B‖LD :≡ ‖A‖LD = ‖B‖LD(3.4)where y does not our in A in lause (3.2), and neither x nor y oursin AB in lause (3.3).Convention 4.2. For the sake of simpliity, I shall write ‖A‖ instead of

‖A‖LD for the remainder of this setion.



128 uwe petersenExamples 4.3. The following examples are meant to give an idea of howl-terms look under the LD-translation.(1) ‖lx.x‖ ≡ lz ∧
x1

∧
y (z = 〈x1, y〉 ⊃ x1∈l(y = x)) .(2) ‖lxy.x‖ ≡ lz1

∧
x1

∧
y1 (z1 = 〈x1, y1〉 ⊃

x1∈l(y1 = lz2 (
∧

x2

∧
y2 (z2 = 〈x2, y2〉 ⊃ x2 ∈l(y2 = x)))) .(3) ‖lxy.xyy‖ ≡ l†xz1 (z1 = l†yz2 (z2 =lx1

∧
y1 (〈y, y1〉 ∈̃lx2

∧
y2 (〈y, y2〉 ∈̃x2 → x2∈y2)) → x1∈y1)) .Proposition 4.4. Inferenes aording to the following shemata are

L
i
Dl-derivable.(4.4i) Γ ⇒ F[‖x‖]

Γ ⇒
∧

x F[x]if ‖x‖ does not our in the lower sequent.(4.4ii) F[‖A‖], Γ ⇒ C
∧

x F[x], Γ ⇒ CProof. Re 4.4i. This is a straightforward onsequene of lause (3.1) ofde�nition 4.1.Re 4.4ii. This is obvious in view of the fat that ‖A‖ is a term in thelanguage of L
i
Dl. qedProposition 4.5. If the bound variable x does not our in F, then

‖B‖∈lx F[x, ‖A1‖, . . . , ‖An‖] ⇔ F[‖B‖, ‖A1[x/B]‖, . . . , ‖An[x/B]‖] .is L
i
Dl-deduible.Proof. Employ an indution on the sum of the lengths of the Ai, where

i ∈ {1, . . . , n}. To save spae, I on�ne myself to n = 1. Distinguish asesaording to the lauses of de�nition 42.11 in [15℄, p. 502.1. A ≡ x, i.e., what has to be shown is
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖x‖] ⇔ F[‖B‖, ‖x[x/B]‖] .By de�nition 4.1 (3.1) and 42.11 (1) in [15℄, this amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, x] ⇔ F[‖B‖, ‖B‖] ,whih is a straightforward appliation of l-abstration.
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L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖y‖] ⇔ F[‖B‖, ‖y[x/B]‖] .By de�nition 4.1 (3.1) and 42.11 (2) in [15℄, this amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖y‖] ⇔ F[‖B‖, ‖y‖] ,whih is a straightforward appliation of l-abstration.3. A ≡ (C1C2), i.e., what has to be shown is
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(C1C2)‖] ⇔ F[‖B‖, ‖(C1C2)[x/B]‖] .By de�nition 42.11 (3) in [15℄, this amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(C1C2)‖] ⇔ F[‖B‖, ‖(C1[x/B]C2[x/B])‖] ,whih, by de�nition 4.1 (3.3), amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, lx1

∧
y1 (〈‖C2‖, y1〉 ∈̃‖C1‖ → x1∈y1)] ⇔

F[‖B‖, lx1

∧
y1 (〈‖C2[x/B]‖, y1〉 ∈̃‖C1[x/B]‖) → x1∈y1)] ,whih, in turn, follows by the indution hypothesis.4. A ≡ (lx.C). What has to be shown is

L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(lx.C)‖] ⇔ F[‖B‖, ‖(lx.C)[x/B]‖] .By de�nition 42.11 (4), this amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(lx.C)‖] ⇔ F[‖B‖, ‖(lx.C)‖] ,whih is an immediate onsequene of l-abstration.5. A ≡ (ly.C) and x 6≡ y. What has to be shown is
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(ly.C)‖] ⇔ F[‖B‖, ‖(ly.C)[x/B]‖] .Distinguish ases aording to de�nition 42.11 in [15℄, lauses (5) and (6).5.1. y /∈ FV (B) or y /∈ FV (C). By de�nition 42.11 (5) in [15℄, what hasto be shown redues to
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(ly.C)‖] ⇔ F[‖B‖, ‖ly.C[x/B]‖] .whih, by de�nition 4.1 (3.2) amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, l†yz (z = ‖C‖)] ⇔ F[‖B‖, l†yz (z = ‖C[x/B]‖)] ,whih, in turn, follows by the indutions hypothesis.



130 uwe petersen5.2. y ∈ FV (B) and y ∈ FV (C). By de�nition 42.11 (6), what has to beshown redues to
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(ly.C)‖] ⇔ F[‖B‖, ‖lz.C[y/z][x/B]‖]whih, by de�nition 4.1 (3.4) an be redued to
L
i
D

Zl ⊢ ‖B‖∈lxF[x, l†yz (z = ‖C‖)]⇔ F[‖B‖, l†zy1(y1 = ‖C[y/z][x/B]‖)]whih, in turn, follows by the indutions hypothesis. qedProposition 4.6. Inferenes aording to the following shemata are
L
i
Dl-derivable.(4.6i) 〈‖B2‖, y〉 ∈̃‖A2‖, Γ ⇒ 〈‖B1‖, y〉 ∈̃‖A1‖

Γ ⇒ ‖A1B1‖ = ‖A2B2‖where y is a free variable in the upper sequent, whih does not our inthe lower sequent.(4.6ii) Γ ⇒ ‖B‖ = ‖A‖

〈‖A‖, s〉 ∈̃t, Γ ⇒ 〈‖B‖, s〉 ∈̃t(4.6iii) Γ ⇒ ‖A[x/x1]‖ = ‖B[x/x1]‖

Γ ⇒ ‖lx.A‖ = ‖lx.B‖where x1 /∈ FV (A) and x1 /∈ FV (B).Proof. Re 4.6i.
〈‖B2‖, b〉 ∈̃‖A2‖, Γ ⇒ 〈‖B1‖, b〉 ∈̃‖A1‖ a∈b ⇒ a∈b

〈‖B1‖, b〉 ∈̃‖A1‖ → a∈b, 〈‖B2‖, b〉 ∈̃‖A2‖, Γ ⇒ a∈b

〈‖B1‖, b〉 ∈̃‖A1‖ → a∈b, Γ ⇒ 〈‖B2‖, b〉 ∈̃‖A2‖ → a∈b
==================================================∧

y (〈‖B1‖, y〉 ∈̃‖A1‖ → a∈y), Γ ⇒
∧

y (〈‖B2‖, y〉 ∈̃‖A2‖ → a∈y)
=========================================================
a∈lx∧

y(〈‖B1‖, y〉 ∈̃‖A1‖→x∈y), Γ ⇒ a∈lx∧
y (〈‖B2‖, y〉 ∈̃‖A2‖→x∈y)

Γ ⇒ a∈‖A1B1‖ → a∈‖A2B2‖
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Γ ⇒ a∈‖A1B1‖ → a∈‖A2B2‖ Γ ⇒ a∈‖A2B2‖ → a∈‖A1B1‖

Γ ⇒ a∈‖A1B1‖ ↔ a∈‖A2B2‖

Γ ⇒
∧

x (x∈‖A1B1‖ ↔ x∈‖A2B2‖)Re 4.6ii. This is the point where the strength of Z-inferenes is needed,and that in the inferene marked by † whih is aording to 135.20vii in[15℄, p. 1847.
Γ ⇒ ‖B‖ = ‖A‖

Γ ⇒ 〈‖B‖, s〉 = 〈‖A‖, s〉

〈‖B‖, s〉 = b, Γ ⇒ 〈‖A‖, s〉 = b b∈t ⇒ b∈t
†

〈‖A‖, s〉 = b ⊃ b∈t, Γ ⇒ 〈‖B‖, s〉 = b ⊃ b∈t
∧

y (〈‖A‖, s〉 = y ⊃ y∈t), Γ ⇒ 〈‖B‖, s〉 = b ⊃ b∈t
∧

y (〈‖A‖, s〉 = y ⊃ y∈t), Γ ⇒
∧

y (〈‖B‖, s〉 = y ⊃ y∈t)
============================================

〈‖A‖, s〉 ∈̃t, Γ ⇒ 〈‖B‖, s〉 ∈̃tRe 4.6iii.
c = 〈‖x1‖, b〉 ⇒ c = 〈‖x1‖, b〉

Γ ⇒ ‖A[x/x1]‖ = ‖B[x/x1]‖

b = ‖A[x/x1]‖, Γ ⇒ b = ‖B[x/x1]‖
================================== 4.5

‖x1‖∈lx (b = ‖A‖), Γ ⇒‖x1‖∈lx (b = ‖B‖)

c = 〈‖x1‖, b〉 ⊃ ‖x1‖∈lx (b = ‖A‖) ⇒ c = 〈‖x1‖, b〉 ⊃ ‖x1‖∈lx (b = ‖B‖)
============================================================
V

x1

V

y(c = 〈x1, y〉 ⊃ x1∈lx(y = ‖A‖)) ⇒ c = 〈‖x1‖, b〉 ⊃ ‖x1‖∈lx(b = ‖B‖)

c∈‖lx.A‖, Γ ⇒ c = 〈‖x1‖, b〉 ⊃ ‖x1‖∈lx (b = ‖B‖)
=============================================
c∈‖lx.A‖, Γ ⇒

V

x1

V

y(c = 〈x1, y〉 ⊃ x1∈lx (y = ‖B‖))

c∈‖lx.A‖, Γ ⇒ c∈‖lx.B‖

Γ ⇒ c∈‖lx.A‖ → c∈‖lx.B‖Continue as for 4.6i. qedProposition 4.7. If y1 /∈ FV (B) and no variable bound in A is free in
B, then there exists a natural number n suh that

L
i
Dl ⊢ n[‖B‖ = ‖y1‖] ⇒ ‖A[x/B]‖ = ‖A[x/y1]‖ .



132 uwe petersenProof by indution on the length of A. Distinguish ases aording tothe form of A. With the exeption of the ase that A ≡ (C1C2), there ishardly any hange to the proof of proposition 4.7 in the tools, so I shallonly treat that ase.
A ≡ (C1C2). As an immediate onsequene of the indution hypothesisand proposition 4.6ii there is a natural number n1 suh that

n1[‖B‖ = ‖y1‖] ⇒ ‖C2[x/B]‖ = ‖C2[x/y1]‖

〈‖C2[x/y1]‖, b〉 ∈̃‖C1[x/y1]‖, n1[‖B‖ = ‖y1‖] ⇒ 〈‖C2[x/B]‖, b〉 ∈̃‖C1[x/y1]‖is L
i
D

Zl -deduible. By the indution hypothesis there is also a naturalnumber n2 suh that
L
i
Dl ⊢ n2[‖B‖ = ‖y1‖] ⇒ ‖C1[x/y1]‖ = ‖C1[x/B]‖ .This makes it possible to ontinue as follows, employing 4.6i:

〈‖C2[x/y1]‖, b〉 ∈̃‖C1[x/y1]‖, n1 + n2[‖B‖ = ‖y1‖] ⇒ 〈‖C2[x/B]‖, b〉 ∈̃‖C1[x/B]‖

n1 + n2[‖B‖ = ‖y1‖] ⇒ ‖C1[x/B]C2[x/B]‖ = ‖C1[x/y1]C2[x/y1]‖By de�nition 42.11 (3) in [15℄, this is
n1 + n2[‖B‖ = ‖y1‖] ⇒ ‖(C1C2)[x/B]‖ = ‖(C1C2)[x/y1]‖ . qedProposition 4.8. Sequents aording to the following shemata are

L
i
D

Zl -deduible.
〈‖B‖, b〉 ∈̃‖lx.A‖ ⇒ b = ‖A[x/B]‖(4.8i)
s = ‖A[x/B]‖ ⇒ 〈‖B‖, s〉 ∈̃‖lx.A‖(4.8ii)
⇒ 〈‖B‖, ‖A[x/B]‖〉 ∈̃‖lx.A‖(4.8iii)Proof. Re 4.8i.

⇒ 〈‖B‖, b〉 = 〈‖B‖, b〉

⇒ 〈‖B‖, b〉 = 〈‖B‖, b〉

b = ‖A[x/B]‖ ⇒ b = ‖A[x/B]‖

‖B‖∈lx (b = ‖A‖) ⇒ b = ‖A[x/B]‖

〈‖B‖, b〉 = 〈‖B‖, b〉 ⊃ ‖B‖∈lx (b = ‖A‖) ⇒ b = ‖A[x/B]‖
=================================================
V

x1

V

y(〈‖B‖, b〉= 〈x1, y〉 ⊃ x1∈lx(y = ‖A‖)) ⇒ b = ‖A[x/B]‖

〈‖B‖, b〉∈l†xy(y = ‖A‖))⇒ b = ‖A[x/B]‖

〈‖B‖, b〉 = 〈‖B‖, b〉 ⊃ 〈‖B‖, b〉∈l†xy (y = ‖A‖)) ⇒ b = ‖A[x/B]‖
V

y1 (y1 = 〈‖B‖, b〉 ⊃ y1 ∈l†xy (y = ‖A‖)) ⇒ b = ‖A[x/B]‖

〈‖B‖, b〉 ∈̃lz V

x1

V

y(z = 〈x1, y〉 ⊃ x1∈lx (y = ‖A‖))⇒ b = ‖A[x/B]‖
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n[‖B‖ = ‖z‖] ⇒ ‖A[x/B]‖ = ‖A[x/z]‖

n[‖B‖ = ‖z‖], s = ‖A[x/B]‖ ⇒ s = ‖A[x/z]‖

n[‖B‖ = ‖z‖], s = b, s = ‖A[x/B]‖ ⇒ b = ‖A[x/z]‖

n[‖B‖ = ‖z‖], s = b, s = ‖A[x/B]‖ ⇒ ‖z‖∈lx (b = ‖A‖)

n[〈‖B‖, s〉 = 〈‖z‖, b〉], s = b, s = ‖A[x/B]‖ ⇒ ‖z‖∈lx (b = ‖A‖)

n[〈‖B‖, s〉 = 〈‖z‖, b〉], 〈‖B‖, s〉 = 〈‖z‖, b〉, s = ‖A[x/B]‖ ⇒ ‖z‖∈lx (b = ‖A‖)

n + 1[〈‖B‖, s〉 = a], n + 1[a = 〈‖z‖, b〉], s = ‖A[x/B]‖ ⇒ ‖z‖∈lx (b = ‖A‖)

n + 1[〈‖B‖, s〉 = a], s = ‖A[x/B]‖ ⇒ a = 〈‖z‖, b〉 ⊃ ‖z‖∈lx (b = ‖A‖)
=============================================================
n + 1[〈‖B‖, s〉 = a], s = ‖A[x/B]‖ ⇒

V

x1

V

y (a = 〈x1, y〉 ⊃ x1∈lx (y = ‖A‖)

n + 1[〈‖B‖, s〉 = a], s = ‖A[x/B]‖ ⇒ a∈l†xy (y = ‖A‖)

s = ‖A[x/B]‖ ⇒ a = 〈‖B‖, s〉 ⊃ a∈l†xy (y = ‖A‖)

s = ‖A[x/B]‖ ⇒
V

y1 (y1 = 〈‖B‖, s〉 ⊃ y1 ∈l†xy (y = ‖A‖))

s = ‖A[x/B]‖ ⇒ 〈‖B‖, s〉 ∈̃lz V

x1

V

y (z = 〈x1, y〉 ⊃ x1∈lx (y = ‖A‖))Re 4.8iii. This is an immediate onsequene of 4.8ii. qedRemark 4.9. 4.6iii, 4.8i and 4.8ii above are the points where the notionof weak impliation is really needed, more spei�ally, a notion of weakimpliation that satis�es the following shemata
A, . . . , A, Γ ⇒ B

Γ ⇒ A ⊃ B
,

A, Γ ⇒ B

B ⊃ C, Γ ⇒ A ⊃ C
, and ⇒ A B, Γ ⇒ C

.
A ⊃ B, Γ ⇒ CThis onludes the listing of the relevant tools. I now begin with thetranslation of α-onversion.Proposition 4.10. If y /∈ FV (A) , then

L
i
Dl ⊢ ⇒ ‖lx.A = ly.A[x/y]‖ .Proof. What has to be shown is

L
i
D

Zl ⊢ ⇒ ‖lx.A‖ = ‖ly.A[x/y]‖ .By proposition 4.6, it is su�ient to show
L
i
D

Zl ⊢ ⇒ ‖A[x/x1]‖ = ‖A[x/y][y/x1]‖ ,



134 uwe petersenwhih is obvious in view of proposition 42.14i in [15℄, p. 502, establish-ing that A[x/x1] and A[x/y][y/x1] are atually idential in the sense ofde�nition 42.11 in [15℄, if y /∈ FV (A) . qedI ontinue with the translation of b-onversion.Proposition 4.11. Sequents aording to the following shemata are
L
i
D

Zl -deduible.
s∈‖(lx.A)B‖ ⇒ s∈‖A[x/B]‖(4.11i)
s∈‖A[x/B]‖ ⇒ s∈‖(lx.A)B‖(4.11ii)
⇒ ‖(lx.A)B = A[x/B]‖(4.11iii)Proof. Re 4.11i. Employ 4.8iii.

⇒ 〈‖B‖, ‖A[x/B]‖〉 ∈̃‖lx.A‖ s∈‖A[x/B]‖ ⇒ s∈‖A[x/B]‖

〈‖B‖, ‖A[x/B]‖〉 ∈̃‖lx.A‖ → s∈‖A[x/B]‖ ⇒ s∈‖A[x/B]‖
∧

y (〈‖B‖, y〉 ∈̃‖lx.A‖ → s∈y) ⇒ s∈‖A[x/B]‖

s∈lx1

∧
y (〈‖B‖, y〉 ∈̃‖lx.A‖ → x1∈y) ⇒ s∈‖A[x/B]‖Re 4.11ii.

s∈‖A[x/B]‖ ⇒ s∈‖A[x/B]‖

s∈‖A[x/B]‖, b = ‖A[x/B]‖ ⇒ s∈b
4.8i

s∈‖A[x/B]‖, 〈‖B‖, b〉 ∈̃‖lx.A‖) ⇒ s∈b

s∈‖A[x/B]‖ ⇒ 〈‖B‖, b〉 ∈̃‖lx.A‖ → s∈b

s∈‖A[x/B]‖ ⇒
∧

y (〈‖B‖, y〉 ∈̃‖lx.A‖ → s∈y)

s∈‖A[x/B]‖ ⇒ s∈lx1

∧
y (〈‖B‖, y〉 ∈̃‖lx.A‖ → x1 ∈y)Re 4.11iii. This is a straightforward onsequene of 4.11i and ii.Re 4.11iv. This is a straightforward onsequene of 4.11iii in view of thede�nition 4.1 (3.4). qedProposition 4.12. Inferenes aording to the following shemata are

L
i
Dl-derivable.(4.12i) ⇒ ‖A = B‖

⇒ ‖B = A‖
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⇒ ‖B = C‖(4.12iii) ⇒ ‖A = B‖

⇒ ‖CA = CB‖Proof. Re 4.12i and 4.12ii. These are immediate onsequenes of the way
= is de�ned in L

i
Dl.Re 4.12iii. This is a onsequene of the inlusive harater built into thede�nition of ∈̃ .

⇒ ‖A‖ = ‖B‖
4.6ii

〈‖B‖, y〉 ∈̃‖C‖ ⇒ 〈‖A‖, y〉 ∈̃‖C‖
4.6i

⇒ ‖CA‖ = ‖CB‖ qedTheorem 4.13. If lb ⊢ A, then L
i
D

Zl ⊢ ⇒ ‖A‖.Proof. 4.12i-iii are the translations of (σ), (τ) and (µ), respetively. qedTheorem 4.14. Not every equation is lb-deduible.Proof. This is an immediate onsequene of the foregoing theorem 4.13and the fat that ‖x = y‖, i.e., a = b, ist not an L
i
D

Zl -deduible w�. qedDisussion. In view of the smooth interpretation of logi in illativeombinatory logi provided in [11℄,13 the question will arise why is thetranslation provided here rather awkward in omparison? My answer isto draw attention to the notion of equality. The notion of equality in L
i
Dl(and, of ourse, L

i
D

Zl ) is provided by impliation, onjuntion, general-ization (i.e., illative notions) and elementhood in the usual way:
s = t :≡

∧
x ((x∈s → x∈t) ∧ (x∈t → x∈s)) .This, however, does not agree too well with the introdution of = asa primitive relation in l-alulus and ombinatory logi. Consider the

13 See, in partiular, p. 587.



136 uwe petersenfollowing situation:
CA

A → B B → A

A = B
(µ)

CA = CB
Eq

CBwhih has already been shown to be inompatible in remark 42.64 (2) in[15℄, p. 517.This doesn't seem to be too surprising if one onsiders the de�nitionof B ∈ A in [11℄, p. 587, as AB. The µ-inferene together with the Eq-inferene then reads:
A ∈ C A = B

B ∈ Cwhih just displays the harateristi feature of extensionality from a settheoretial perspetive.In other words, given the reading of equality in L
i
D

Zl , (µ) does atu-ally provide a form of weak extensionality as onsidered in [11℄, p. 594,whih has been shown to be inompatible with a formalized theory equiv-alent to BCKlb in U. [15℄, p. 517.This, however, is ompensated in the awkward de�nition of AB in theLD-translation as lx∧
y (〈B, y〉 ∈̃A → x∈y) by the somewhat �inlusive�notion ∈̃ .Di�erently put: the system BCKlb from [11℄ beomes trivial, if some-thing like

A → B B → A

A = Bis added as a basi rule of dedution (i.e., the premisses not dependingon open assumptions).5. Addition 137f. An approah to extending L
i
D

Zl to ao-modate nested double indution and reursionThis addition is still more of a suggestion than a fully worked out ap-proah. The reason that it is inluded here is that it gives the idea of howI want to extend the approah begun with my Z-inferenes to gain morededutive strength in systems of higher order logi without ontration.



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 1375a. Introdution. Primitive reursion (or 1-reursion) is availablein L
i
D

Zl (in the sense that funtions de�ned by primitive reursion fromtotal funtions an be expliitly de�ned and proven to be total), as shownin [16℄, but not so k-reursion for k > 1. The latter is readily onludedfrom a simple ordinal observation: a onsisteny proof for 2-reursionrequires an indution up to ωωω

, while that of L
i
D

Zl an be shown by anindution up to ωω. On the other hand, as I suggested at the end of [16℄,given a ertain reinfored neessity operator obeying the rules
�nA, Γ ⇒ C

A, Γ ⇒ C
and �nA ⇒ C

,
A ⇒ Cthere is an easy way to overome the di�ulties. The present paper isdediated to a way of introduing suh a reinfored neessity operatorwithout adding any new primitive symbols.14Remark 5.1. Regarding the redution step for the above rules: if the lastpart of a dedution has the form

�mB ⇒ A

B ⇒ A

�nA, Γ ⇒ C

A, Γ ⇒ C
♣ ,

B, Γ ⇒ Cthen a dedution an be onstruted as follow:
······ ···

··
·····

�mB ⇒ A
============
�m+nB ⇒ �nA

······ ···
·······

�nA, Γ ⇒ C
♣

�m+nB, Γ ⇒ C
.

B, Γ ⇒ CThis may look pretty innoent. But sine it is su�ient to provide 2-reursion, it will ome no heaper than by an indution up to ωωω .
14 No relief is to be expeted from the introdution of funtion variables as pro-moted in, e.g., [9℄ and [8℄ for the formulation of k-reursion for k > 1, simply beausethe problem in the present approah is not the formulation of an appropriate term,but the nested double indution required in the proof that it satis�es the riterion ofa funtion: uniqueness of the value; and that problem prevails.



138 uwe petersenWhat I need is a way of quantifying, as it were, over neessity oper-ators, and that in a way that allows a form of indution similar to thatprovided by Π̆̊ in [14℄. This is what I am going to provide now.My approah to providing su�ient dedutive strength for proving2-reursion is based heavily on [14℄ and [16℄ and is a further extension ofthe system L
i
D

Zl presented in [14℄.5b. Ψ2 and Z2. I begin by introduing a new kind of suessornotion.Definitions 5.2. (1) sI2 :≡ lx�(x∈s) (�neessor�, a kind of suessorwith regard to the neessity operator, a ne[essity-su℄essor).(2) The set Ψ2 is de�ned indutively as follows:(2.1) I is an element of Ψ2 ;(2.1) If t is an element Ψ2, then so is tI2 .(3) If n is a natural number, then the orresponding Ψ2-element is de�nedindutively as follows:(3.1) I is the orresponding Ψ2-element to 0;(3.2) If ¯̄n is the orresponding Ψ2-element to n, then ¯̄nI2 is the orre-sponding Ψ2-element to n′.Example 5.3. I I2 I2 ≡ lx1 �(x1∈lx2 �(x2∈I)) = lx��(x∈I) .Convention 5.4. I shall use ¯̄m and ¯̄n as syntati symbols for elementsof Ψ2, possibly with index numbers.Remark 5.5. Ψ2 is the set {I, I I2, I I2 I2, . . .} , where
I I2 = lx�(x = V),
I I2 I2 = lx��(x = V),. . . .Note, however, that this is equality, not identity! What is aimed at is, ofourse, this: [A/¯̄n] ↔ �nA.Proposition 5.6. If s ∈ Ψ2, then there exists a natural number n suhthat s is the orresponding element of n in Ψ2.Proof. As for the ase of Ψ in proposition 131.9 in [15℄, p. 1789, this is animmediate onsequene of the de�nition of orresponding element. qed



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 139Proposition 5.7. Sequents aording to the following shemata are L
i
D

Zl -deduible.
[A/sI2 ] ⇔ �[A/s](5.7i)
�([A/s] � [B/s] → [A � B/s]) ⇒ [A/sI2 ] � [B/sI2 ] → [A � B/sI2 ](5.7ii)
[A/sI2 ] ⇒ [A/s](5.7iii)
[A/I I2 ] ⇔ �A(5.7iv)Proof. Re 5.7i. Immediate onsequene of the abstration rules.Re 5.7ii.
[A/s] � [B/s] → [A � B/s], [A/s], [B/s] ⇒ [A � B/s]

�([A/s] � [B/s] → [A � B/s]), �[A/s], �[B/s] ⇒ �[A � B/s]
===============================================
�([A/s] � [B/s] → [A � B/s]), [A/sI2 ], [B/sI2 ] ⇒ [A � B/sI2 ]

�([A/s] � [B/s] → [A � B/s]), [A/sI2 ] � [B/sI2 ] ⇒ [A � B/sI2 ]

�([A/s] � [B/s] → [A � B/s]) ⇒ [A/sI2 ] � [B/sI2 ] → [A � B/sI2 ]Re 5.7iii. lA∈s ⇒ [A/s]

�(lA∈s) ⇒ [A/s]

[A/sI2 ] ⇒ [A/s]Re 5.7iv. This is a straightforward onsequene of 5.7i and 131.15i and iiin [15℄, p. 1792. qedAs for the ase of Ψ, the problem onsists in apturing the informalnotion Ψ2 on the formal level, and that in a way whih provides for aform of indution. As in the ase of Z, the point is to �nd an appliationof self-referene (�xed-point onstrution) whih reates, as it were, itsown �suessor�, this time with regard to the neessity operator, i.e., itsown neessor. This is what the following de�nition aims at.Definition 5.8. γ̆2[A] :≡ lx�(x∈x � A)∈lx�(x∈x � A) .The next proposition lists a number of properties of γ̆2, somewhatparalleling proposition 132.5 in [15℄, p. 1804, onerning the ase of γ̆.



140 uwe petersenProposition 5.9. Sequents aording to the following shemata are L
i
D

Zl -deduible.
γ̆2[A] ⇔ �(γ̆2[A] � A)(5.9i)
γ̆2[A] ⇒ �A(5.9ii)
γ̆2[A] ⇒ A(5.9iii)
γ̆2[A] ⇒ �nA(5.9iv)
γ̆2[A] ⇒ �γ̆2[A](5.9v)
γ̆2[A] ⇒ �n

γ̆2[A](5.9vi)
γ̆2[A] ⇒ �γ̆2[A] � �A(5.9vii)
γ̆2[A ∧ B] ⇒ γ̆2[A ∧ B] � �nA(5.9viii)
γ̆2[A ∧ B] ⇒ γ̆2[A ∧ B] � �nB(5.9ix)Proof. Re 5.9i. Straightforward onsequene of the abstration rules.Re 5.9ii.

A ⇒ A

γ̆2[A], A ⇒ A

γ̆2[A] � A ⇒ A

�(γ̆2[A] � A) ⇒ �A

γ̆2[A] ⇒ �ARe 5.9iii. Immediate onsequene of 5.9ii.Re 5.9iv. Repeat 5.9i.Re 5.9v.
γ̆2[A] ⇒ γ̆2[A]

γ̆2[A], A ⇒ γ̆2[A]

γ̆2[A] � A ⇒ γ̆2[A]

�(γ̆2[A] � A) ⇒ �γ̆2[A]

γ̆2[A] ⇒ �γ̆2[A]Re 5.9vi. Employ an indution on n, approahing along the line of 5.9v.
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γ̆2[A] ⇒ ��γ̆2[A]

�γ̆2[A] ⇒ �γ̆2[A]

γ̆2[A] ⇒ �A

�γ̆2[A] ⇒ �A

�γ̆2[A], �γ̆2[A] ⇒ �γ̆2[A] � �A

��γ̆2[A] ⇒ �γ̆2[A] � �A
♣

γ̆2[A] ⇒ �γ̆2[A] � �ARe 5.9viii and 5.9ix. These are straightforward onsequenes of the fore-going results. qedCorollary 5.10. Inferenes aording to the following shemata are
L
i
D

Zl -derivable.
A, Γ ⇒ C

γ̆2[A], Γ ⇒ C
(5.10i)

�A, Γ ⇒ C

γ̆2[A], Γ ⇒ C
(5.10ii)

�nA, Γ ⇒ C

γ̆2[A], Γ ⇒ C
(5.10iii)

γ̆2[A ∧ B], �nA, Γ ⇒ C

γ̆2[A ∧ B], Γ ⇒ C
(5.10iv)

γ̆2[A ∧ B], �nB, Γ ⇒ C

γ̆2[A ∧ B], Γ ⇒ C
(5.10v)

�n
γ̆2[A], Γ ⇒ C

γ̆2[A], Γ ⇒ C
(5.10vi)Next omes the de�nition of a term that is meant to do for the nees-sor I2 what Z did for the verisetion I .15Definition 5.11.
Z2 :≡ lx∧

y (γ̆2[I ∈y ∧
∧

z (�(z∈y) → z I2 ∈y)] → x∈y) .

15 As regards the term �verisetion�, f. de�nition 131.5 on p. 1788 of [15℄.



142 uwe petersenRemark 5.12. This de�nition of Z2 is designed with an eye to a possibleonsisteny proof somewhat along similar lines as that skethed in �133of [15℄ for the ase of L
i
D

Zl . At �rst sight, it may look as if the approahfrom [14℄ ould be easily adapted from I to I2. This however, runs intotrouble at the following point: while
⇒ AlA∈s ⇒ lA∈sIis perfetly L

i
Dl-deduible, the following isn't L

i
D

Zl -deduible:
⇒ A

.lA∈s ⇒ �(lA∈s)A similar onsideration applies to the employment of a �xed-point à la[18℄, i.e., Z2 = lx∧
y (I ∈y �

∧
z (z∈Z2 → z I2∈y) → x∈y). It is withregard to this problem that the neessity operator is introdued in frontof the �indution hypothesis�, i.e., the sub-formula (z∈y) in Z2.Proposition 5.13. Sequents aording to the following shemata are

L
i
D

Zl -deduible.
⇒ I ∈Z2(5.13i)
�(s∈Z2) ⇒ sI2

∈Z2(5.13ii)Proof. Re 5.13i. Employ 5.9iii:̆
γ2[I ∈b] ⇒ I ∈b

================================
γ̆2[I ∈b], γ̆2[

∧
z (�(z∈b) → z I2∈b)] ⇒ I ∈b

γ̆2[I ∈b] � γ̆2[
∧

z (�(z∈b) → z I2∈b)] ⇒ I ∈b

⇒ γ̆2[I ∈b] � γ̆2[
∧

z (�(z∈b) → z I2∈b)] → I ∈b

⇒
∧

y (γ̆2[I ∈y] � γ̆2[
∧

z (�(z∈y) → z I2∈y)] → I ∈y)

⇒ I ∈lx∧
y (γ̆2[I ∈y] � γ̆2[

∧
z (�(z∈y) → z I2∈y)] → x∈y)
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∧

z (�(z∈∗1) → z I2∈∗1)] :
Zet2[b] ⇒ Zet2[b] s∈b ⇒ s∈b

Zet2[b] → s∈b, Zet2[b] ⇒ s∈b
∧

y (Zet2[y] → s∈y), Zet2[b] ⇒ s∈b

s∈lx∧
y (Zet2[y] → s∈y), Zet2[b] ⇒ s∈b

�(s∈lx∧
y (Zet2[y] → s∈y)), �Zet2[b] ⇒ �(s∈b) 5.10vi

�(s∈lx∧
y (Zet2[y] → s∈y)), Zet2[b] ⇒ �(s∈b) sI2

∈b ⇒ sI2
∈b

�(s∈Z2), Zet2[b], �(s∈b) → sI2
∈b ⇒ sI2

∈b

�(s∈Z2), Zet2[b],
∧

z (�(z∈b) → z I2 ∈b) ⇒ sI2 ∈b 5.10v
�(s∈Z2), Zet2[b] ⇒ sI2

∈b

�(s∈Z2) ⇒ Zet2[b] → sI2
∈b

�(s∈Z2) ⇒
∧

y (Zet2[y] → sI2
∈y)

�(s∈Z2) ⇒ sI2
∈lx∧

y (Zet2[y] → x∈y) qedRemark 5.14. Notie that Li
D

Zl is indeed required in the above dedutionof 5.13ii.5. Z2-inferenes and Π̆̊2. As in the ase of Z, I shall next proeedto de�ning terms whih provide for some form of proto-indution, in thepresent ase a nested double one.Definitions 5.15. (1) An inferene aording to the following shema isalled a Z2-inferene:
Γ ⇒ s∈Z2 ⇒ A

.
Γ ⇒ lA∈s(2) The formalized theory L

i
D

Z2l is de�ned as L
i
D

Zl plus all Z2-inferenes.



144 uwe petersenNext omes the de�nition of Π̆̊2. In what follows, I shall ommonlywrite [A/s] for lA∈s, as I already did in [14℄.Definitions 5.16. (1) Pi2[s, t] :≡ [I ∈t/s] ∧
∧

z [�(z∈t) → z I2
∈t/s] .(2) Π̆̊2 :≡ lx (�(x∈Z2) �

∧
y (Pi2[x, y] ⊃ x∈y)) .Proposition 5.17. Inferenes aording to the following shemata are

L
i
D

Z2l -derivable.
⇒ F[I] �F[a] ⇒ F[aI2 ]

s∈Π̆̊2 ⇒ F[s]
(5.17i)

A ⇒ B

s∈Π̆̊2, [A/s] ⇒ [B/s]
(5.17ii)

�A ⇒ B

s∈Π̆̊2, �[A/s] ⇒ [B/s]
(5.17iii)

Γ ⇒ B

s∈Π̆̊2, [Γ/s] ⇒ [B/s]
(5.17iv)Proof. Re 5.17i. Let ξ :≡ lx F[x]:

⇒ F[I ]

⇒ I ∈lx F[x]

s∈Z2 ⇒ [I ∈lx F[x]/s]

�F[a] ⇒ F[aI2 ]

�(a∈lx F[x]) ⇒ aI2
∈lx F[x]

⇒ �(a∈lx F[x]) → aI2
∈lx F[x]

s∈Z2 ⇒ [�(a∈ξ) → aI2
∈ξ/s]

s∈Z2 ⇒
V

z [�(z∈ξ) → z I2
∈ξ/s]

s∈Z2 ⇒ [I ∈ξ/s] ∧
V

z [�(z∈ξ) → z I2
∈ξ/s]

F[s] ⇒ F[s]

s∈lx F[x] ⇒ F[s]

�(s∈Z2), [I ∈ξ/s] ∧
V

z [�(z∈ξ) → z I2
∈ξ/s] ⊃ s∈ξ ⇒ F[s]

�(s∈Z2),
V

y ([I ∈y/s] ∧
V

z [�(z∈y) → z I2
∈y/s] ⊃ s∈y) ⇒ F[s]

�(s∈Z2) �

V

y ([I ∈y/s] ∧
V

z [�(z∈t) → z I2
∈y/s] ⊃ s∈y) ⇒ F[s]

s∈lx (�(s∈Z2) �

V

y ([I ∈y/s] ∧
V

z [�(z∈t) → z I2
∈y/s] ⊃ s∈y)) ⇒ F[s]
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A ⇒ B

===========
[A/I] ⇒ [B/I]

⇒ [A/I] → [B/I]

[A/c] ⇒ [A/c] [B/c] ⇒ [B/c]

[A/c] → [B/c], [A/c] ⇒ [B/c]

�([A/c] → [B/c]), �[A/c] ⇒ �([B/c])
==============================

�([A/c] → [B/c]), [A/cI2 ] ⇒ [B/cI2 ]

�([A/c] → [B/c]) ⇒ [A/cI2 ] → [B/cI2 ] 5.17i
s∈Π̆̊2, [A/s] ⇒ [B/s]Re 5.17iii.

�[A/I ] ⇒ �A �A ⇒ B
♣

�[A/I ⇒ B

�[A/I ] ⇒ [B/I ]

⇒ �[A/I → [B/I ]

�[A/a] ⇒ �[A/a] [B/a] ⇒ [B/a]

�[A/a] → [B/a], �[A/a] ⇒ [B/a]

�[A/a] → [B/a], [A/aI2 ] ⇒ [B/a]
==============================
�(�[A/a] → [B/a], �[A/aI2 ] ⇒ �[B/a]

�(�[A/a] → [B/a], �[A/aI2 ] ⇒ [B/aI2 ]

�(�[A/a] → [B/a]) ⇒ �[A/aI2 ] → [B/aI2 ] 5.17i.
s∈Π̆̊2, �[A/s] ⇒ [B/s]Re 5.17iv. This is just a generalization of 5.17ii by taking the �nite box-onjuntion of the w�s of Γ . Left to the reader. qedRemark 5.18. There is something bordering on triviality in the �indu-tion steps� of the proofs of 5.17ii�5.17iv, whih is essentially due to the

L
i
Dl-deduibility of the sequent �(lA∈a) ⇒ lA∈aI2 :

�(lA∈a) ⇒ �(lA∈a)
.

�(lA∈a) ⇒ lA∈aI2I suggest that this be seen in the ontext of the di�erene between aomplete indution and a transinite indution. Every ordinal below ωan atually be reahed by starting from 0 and adding 1, whereas witha trans�nite ordinal one an only say that 0 an be reahed by everydesending hain.
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L
i
D

Zl -deduible.
s∈Π̆̊2 ⇒ �(s∈Z2)(5.19i)
s∈Π̆̊2 ⇒ sI2

∈Z2(5.19ii)
s∈Π̆̊2, [A/s] ⇒ A(5.19iii)
⇒ I ∈ Π̆̊2(5.19iv)
s∈Π̆̊2, Pi2[s

I2, t] ⇒ Pi2[s, t
I2 ](5.19v)

s∈Π̆̊2, �(s∈t), Pi2[s
I2, t] ⇒ sI2

∈t(5.19vi)
[�(s∈Π̆̊2)]

·2 ⇒ sI2
∈Π̆̊2(5.19vii)

s∈Π̆̊2 ⇒ �(s∈Π̆̊2)(5.19viii)
s∈Π̆̊2 ⇒ s∈Π̆̊2 � s∈Π̆̊2(5.19ix)
s∈Π̆̊2 ⇒ sI2

∈Π̆̊2(5.19x)Proof. Re 5.19i. Fairly immediate onsequene of the de�nition; left tothe reader.Re 5.19ii. This is a straightforward onsequene of 5.13ii and 5.19i.Re 5.19iii.
A ⇒ A

[A/I] ⇒ A

⇒ [A/I] → A

�(lA∈c) ⇒ �[A/c]

[A/cI2 ] ⇒ �[A/c] �A ⇒ A

�[A/c] → �A, [A/cI2 ] ⇒ A

�([A/c] → A), [A/cI2 ] ⇒ A

�([A/c] → A) ⇒ [A/cI2 ] → A 5.17i .
s∈Π̆̊2, [A/s] ⇒ ARe 5.19iv. Obvious.
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�(I ∈t) ⇒ �(I ∈t)

�(I ∈t) ⇒ I ∈tI2

∗
s∈ Π̆̊2, �[I ∈t/s] ⇒ [I ∈tI2/s]

s∈ Π̆̊2, [I ∈t/sI2 ] ⇒ [I ∈tI2/s]

s∈ Π̆̊2, Pi2[sI2, t] ⇒ [I∈tI2/s]

�(c∈t) ⇒ �(c∈t)

�(c∈t) ⇒ c∈tI2 cI2
∈t ⇒ cI2

∈t

�(c∈t) → cI2
∈t, c∈tI2 ⇒ cI2

∈t

�(�(c∈t) → cI2
∈t), �(c∈tI2) ⇒ �(cI2

∈t)

�(�(c∈t) → cI2
∈t), �(c∈tI2) ⇒ cI2

∈tI2

�(�(c∈t) → cI2
∈t) ⇒ �(c∈tI2) → cI2

∈tI2

∗
s∈ Π̆̊2, �[�(c∈t) → cI2

∈t/s] ⇒ [�(c∈tI2) → cI2
∈tI2/s]

s∈ Π̆̊2, [�(c∈t) → cI2
∈t/sI2 ] ⇒ [�(c∈tI2) → cI2

∈tI2/s]

s∈ Π̆̊2,
V

z [�(z∈t) → z I2
∈t/sI2 ] ⇒ [�(c∈tI2) → cI2

∈tI2/s]

s∈ Π̆̊2, Pi2[sI2, t] ⇒ [�(c∈tI2) → cI2
∈tI2/s]

s∈ Π̆̊2, Pi2[sI2, t] ⇒
V

z [�(z∈tI2) → z I2
∈tI2/s]

.
s∈ Π̆̊2, Pi2[s

I2, t] ⇒ [I ∈tI2/s] ∧
V

z [�(z∈tI2) → z I2
∈tI2/s]Re 5.19vi. Employ 5.19iii:

�(s∈t) ⇒ �(s∈t) sI2
∈t ⇒ sI2

∈t

�(s∈t), �(s∈t) → sI2
∈t ⇒ sI2

∈t 5.19iii
s∈Π̆̊2, �(s∈t), [�(s∈t) → sI2

∈t/s] ⇒ sI2
∈t 5.7iii

s∈Π̆̊2, �(s∈t), [�(s∈t) → sI2
∈t/sI2 ] ⇒ sI2

∈t

s∈Π̆̊2, �(s∈t),
∧

z [�(z∈t) → z I2∈t/sI2 ] ⇒ sI2∈t
.

s∈Π̆̊2, �(s∈t), [I ∈t/sI2 ] ∧
∧

z [�(z∈t) → z I2∈t/sI2 ] ⇒ sI2 ∈tRe 5.19vii. Employ 5.19ii, 5.19v, and 5.19vi. The inferene marked by ∗is aording to 135.20vii in [15℄:
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s∈Π̆̊2 ⇒ sI2

∈Z2

�(s∈ Π̆̊2) ⇒ �(sI2
∈Z2)

s∈ Π̆̊2, Pi
2
[sI2, b] ⇒ Pi

2
[s, bI2 ]

s∈ Π̆̊2, �(s∈b), Pi
2
[sI2, b] ⇒ sI2

∈b

s∈Π̆̊2, s∈bI2, Pi
2
[sI2, b] ⇒ sI2

∈b
∗

[s∈ Π̆̊2]
·2, Pi

2
[s, bI2 ] ⊃ s∈bI2 ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈Π̆̊2]
·2,

V

y (Pi
2
[s, y] ⊃ s∈y) ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈ Π̆̊2]
·2, �(sI2

∈Z2),
V

y (Pi
2
[s, y] ⊃ s∈y) ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈ Π̆̊2]
·2, �(sI2

∈Z2) �

V

y (Pi
2
[s, y] ⊃ s∈y) ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈ Π̆̊2]
·3 ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈ Π̆̊2]
·3 ⇒

V

y (Pi
2
[sI2, y] ⊃ sI2

∈y)

�(s∈Π̆̊2) ⇒
V

y (Pi
2
[sI2, y] ⊃ sI2

∈y)

[�(s∈Π̆̊2)]
·2 ⇒ �(sI2

∈Z2) �

V

y (Pi
2
[sI2, y] ⊃ sI2

∈y)
.

[�(s∈Π̆̊2)]
·2 ⇒ sI2

∈lx (�(x∈Z2) �

V

y (Pi
2
[x, y] ⊃ x∈y))Re 5.19viii. Employ 5.19i and 5.19vii. Completely straightforward, butnevertheless, here is a dedution:

⇒ I ∈Π̆̊2

⇒ �(I ∈ Π̆̊2)

[�(a∈Π̆̊2)]
·2 ⇒ aI2

∈Π̆̊2

��(a∈Π̆̊2) ⇒ �(aI2
∈Π̆̊2) 5.17i .

s∈Π̆̊2 ⇒ �(s∈Π̆̊2)Re 5.19ix. This is an immediate onsequene of 5.19viii.Re 5.19x. This is a straightforward onsequene of 5.19viii, ix, and vii:
s∈ Π̆̊2 ⇒ s∈ Π̆̊2 � s∈ Π̆̊2

s∈ Π̆̊2 ⇒ �(s∈ Π̆̊2) s∈ Π̆̊2 ⇒ �(s∈ Π̆̊2)

s∈ Π̆̊2 � s∈ Π̆̊2 ⇒ �(s∈ Π̆̊2) � �(s∈ Π̆̊2)

�(s∈ Π̆̊2), �(s∈ Π̆̊2) ⇒ sI2
∈ Π̆̊2

�(s∈ Π̆̊2) � �(s∈ Π̆̊2) ⇒ sI2
∈ Π̆̊2

♣

s∈ Π̆̊2 � s∈ Π̆̊2 ⇒ sI2
∈ Π̆̊2

♣ .
s∈ Π̆̊2 ⇒ sI2

∈ Π̆̊2 qedRemark 5.20. Notie the strange detour in the dedution of s∈Π̆̊2 ⇒
sI2∈ Π̆̊2. I should very muh like to all it a detour through in�nity.Corollary 5.21. Inferenes aording to the following shemata are
L
i
D

Zl -derivable.
Γ, sI2

∈Π̆̊2, Π ⇒ C

Γ, s∈Π̆̊2, Π ⇒ C
(5.21i)
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Γ, s∈Π̆̊2, Π, s∈Π̆̊2, Θ ⇒ C

s∈Π̆̊2, Γ, Π, Θ ⇒ C
(5.21ii)As in the ase of Π̆̊ , this provides for a form of �indution�.Theorem 5.22. Inferenes aording to the following shemata are
L
i
D

Z2l -derivable.
F[I] ⇒ F[aI2 ], �(a∈Π̆̊2) ⇒ �F[a]

s∈Π̆̊2, F[s] ⇒ C
(5.22i)

⇒ F[I] �F[a], �(a∈Π̆̊2) ⇒ F[aI2 ]

s∈Π̆̊2 ⇒ F[s]
(5.22ii)

⇒ F[I] [�F[a]]·n, �(a∈Π̆̊2) ⇒ F[aI2 ]

s∈Π̆̊2 ⇒ �F[s]
(5.22iii)Proof. Straightforward onsequenes of 5.17i and 5.21 in the usual way.Re 5.22ii. Employ 5.19x:
⇒ I∈ Π̆̊2 ⇒ F[I ]

⇒ I ∈ Π̆̊2 � F[I ]

⇒ �(I ∈ Π̆̊2 � F[I ])

a∈ Π̆̊2 ⇒ aI2
∈Π̆̊2

a∈ Π̆̊2, F[a] ⇒ aI2
∈Π̆̊2

a∈Π̆̊2 � F[a] ⇒ aI2
∈ Π̆̊2

�(a∈Π̆̊2 � F[a]) ⇒ aI2
∈Π̆̊2

�(a∈Π̆̊2), � F[a] ⇒ F[aI2 ]

[�(a∈Π̆̊2 � F[a])]·2 ⇒ F[aI2 ]

[�(a∈ Π̆̊2 � F[a])]·3 ⇒ aI2
∈Π̆̊2 � F[aI2 ]

��(a∈Π̆̊2 � F[a]) ⇒ �(aI2
∈ Π̆̊2 � F[aI2 ])

s∈Π̆̊2 ⇒ �(s∈Π̆̊2 � F[s])

s∈Π̆̊2 ⇒ s∈ Π̆̊2 � F[s]

s∈Π̆̊2 ⇒ F[s]
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⇒ F[I]

⇒ �F[I]

[�F[a]]·n, �(a∈Π̆̊2) ⇒ F[aI2 ]

[�F[a]]·n, a∈Π̆̊2 ⇒ F[aI2 ]

��F[a], �(a∈Π̆̊2) ⇒ �F[aI2 ]

s∈Π̆̊2 ⇒ �F[s] qedThe next proposition somewhat orresponds to proposition 134.9 in[15℄, p. 1829.Proposition 5.23. Sequents aording to the following shemata are
L
i
D

Z2l -deduible.
s∈Π̆̊2, [A/s], [B/s] ⇒ [A � B/s](5.23i)
s∈Π̆̊2, [A → B/s], [A/s] ⇒ [B/s](5.23ii)
s∈Π̆̊2, [A ∨ ¬A/sI2 ], A ⇒ �A(5.23iii)
[A ∨ ¬A/I], �A ⇒ [A/I](5.23iv)
s∈Π̆̊2, [A ∨ ¬A/sI2 ], �A ⇒ [A/sI2 ](5.23v)
s∈Π̆̊2, [A ∨ ¬A/s], �A ⇒ [A/s](5.23vi)Proof. Re 5.23i. In priniple as for 5.23ii; left to the reader.Re 5.23ii. I only show the �indution step�:

[A → B/a] ⇒ [A → B/a] [A/a] ⇒ [A/a]

[A → B/a], [A/a] ⇒ [A → B/a] � [A/a] [B/a] ⇒ [B/a]

[A → B/a] � [A/a] → [B/a], [A → B/a], [A/a] ⇒ [B/a]

�([A → B/a] � [A/a] → [B/a]), �[A → B/a], �[A/a] ⇒ �[B/a]
================================================== 5.7i
�([A → B/a] � [A/a] → [B/a]), [A → B/aI2 ], [A/aI2 ] ⇒ [B/aI2 ]

�([A → B/a] � [A/a] → [B/a]), [A → B/aI2 ] � [A/aI2 ] ⇒ [B/aI2 ]
.

�([A → B/a] � [A/a] → [B/a]) ⇒ [A → B/aI2 ] � [A/aI2 ] → [B/aI2 ]
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�(A ∨ ¬A), A ⇒ �A

[A ∨ ¬A/I I2 ], A ⇒ �A

[A ∨ ¬A/I I2 ] � A ⇒ �A

⇒ [A∨¬A/I I2 ]�A → �A

[A ∨ ¬A/aI2 ], A ⇒ [A ∨ ¬A/aI2 ] � A �A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A, [A ∨ ¬A/aI2 ], A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A, �[A ∨ ¬A/aI2 ], A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A, [A ∨ ¬A/aI2 I2 ], A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A, [A ∨ ¬A/aI2 I2 ] � A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A ⇒ [A ∨ ¬A/aI2 I2 ] � A → �A

�([A∨¬A/aI2 ] � A→�A)⇒ [A∨¬A/aI2 I2 ] � A→ �A

s∈ Π̆̊2 ⇒ [A ∨ ¬A/sI2 ] � A → �A
.

s∈ Π̆̊2, [A ∨ ¬A/sI2 ], A ⇒ �ARe 5.23iv. Employ 134.13i from [15℄, p. 1831:
�A ⇒ A

�A ⇒ [A/I]
.

[A ∨ ¬A/I], �A ⇒ [A/I]Re 5.23v. I only show the �indution step�; employ 5.23iii:
[A ∨ ¬A/aI2 ] ⇒ [A ∨ ¬A/aI2 ] a∈Π̆̊2, [A ∨ ¬A/aI2 ], A ⇒ �A

a∈Π̆̊2, [A ∨ ¬A/aI2 ], [A ∨ ¬A/aI2 ], A ⇒ [A ∨ ¬A/aI2 ] � �A

�a∈Π̆̊2, �[A ∨ ¬A/aI2 ], �A ⇒ �([A ∨ ¬A/aI2 ] � �A)

a∈ Π̆̊2, �[A ∨ ¬A/aI2 ], �A ⇒ �([A ∨ ¬A/aI2 ] � �A)

a∈Π̆̊2, [A ∨ ¬A/aI2 I2 ], �A ⇒ �([A ∨ ¬A/aI2 ] � �A) �[A/aI2 ] ⇒ [A/aI2 I2 ]

a∈Π̆̊2, �([A ∨ ¬A/aI2 ] � �A) → �[A/aI2 ], [A ∨ ¬A/aI2 I2 ], �A ⇒ [A/aI2 ]

a∈Π̆̊2, �([A ∨ ¬A/aI2 ] � �A → [A/aI2 ]), [A ∨ ¬A/aI2 I2 ] � �A ⇒ [A/aI2 ]

a∈ Π̆̊2, �([A ∨ ¬A/aI2 ] � �A → [A/aI2 ]), [A ∨ ¬A/aI2 ] � �A ⇒ [A/aI2 ]
.

a∈Π̆̊2, �([A ∨ ¬A/aI2 ] � �A → [A/a]) ⇒ [A ∨ ¬A/aI2 I2 ] � �A → [A/aI2 ]Re 5.23vi. Straightforward onsequene of 5.23v and 5.23iv by 5.22ii.qed
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s∈Π̆̊2, [A ∨ ¬A/s], A ⇒ [A/s] .In order to see this, onfront
A ∨ ¬A, A ∨ ¬A, A ⇒ A � A � Awhih is obviously L
i
Dl-deduible, with

��(A ∨ ¬A), A ⇒ ��Awhih, apparently, is not L
i
D

Zl -deduible. But while 134.9iv survives insome form, at least, viz., as 5.23vi, there doesn't seem to be anythingorresponding to 134.9ii, i.e., something like
s∈Π̆̊2, [A � B/s] ⇒ [A/s] � [B/s]perhaps. This an be seen from the following onsideration: while

(A � B) � (A � B) ⇒ (A � A) � (B � B)is L
i
Dl-deduible,

�(A � B) ⇒ �A � �Bis, apparently, not L
i
D

Zl -deduible.16 This may be taken to indiate that
�2 is not just a repetition of the same kind of neessity operator that isalready available in �.5d. Appliations. Just as Π̆̊ ould be employed to de�ne notionsof neessity and weak impliation, so an Π̆̊2.Definition 5.25. �2 A :≡

∧
x (x∈ Π̆̊2 → [A/x]) .The following proposition orresponds in an obvious way to proposi-tion 134.13 in [15℄, p. 1831.Proposition 5.26. Sequents aording to the following shemata are

L
i
D

Z2l -deduible.
�2 A ⇒ A(5.26i)
�2 A ⇒ �A(5.26ii)
�2 A ⇒ �nA(5.26iii)
�2 A ⇒ �2 �A(5.26iv)

16 Cf. remark 135.13 in [15℄, p. 1844.
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�2 �nA ⇒ �2 �n′

A(5.26v)
�2 A ⇒ �2 �nA(5.26vi)
�2 A, �2 B ⇒ �2 (A � B)(5.26vii)
�2 (A → B), �2 A ⇒ �2 B(5.26viii)
s∈Π̆̊2 ⇒ �2 (s∈Π̆̊2)(5.26ix)
s∈Π̆̊2 ⇒ [s∈Π̆̊2/s](5.26x)Proof. Re 5.26i. As for 134.13i in [15℄, p. 1831, only with Π̆̊2 instead of

Π̆̊ .Re 5.26ii and 5.26iii. In view of 5.26iv, these are left to the reader.Re 5.26iv.
a∈Π̆̊2 ⇒ aI2

∈Π̆̊2

�A ⇒ �A 5.17iii
a∈Π̆̊2, [A/aI2 ] ⇒ [�A/a]

aI2
∈Π̆̊2 → [A/aI2 ], a∈Π̆̊2, a∈Π̆̊2 ⇒ [�A/a] 5.21ii
aI2

∈ Π̆̊2 → [A/aI2 ], a∈Π̆̊2 ⇒ [�A/a]
∧

x (x∈ Π̆̊2 → [A/x]), a∈ Π̆̊2 ⇒ [�A/a]
∧

x (x∈ Π̆̊2 → [A/x]) ⇒ a∈Π̆̊2 → [�A/a]
∧

x (x∈ Π̆̊2 → [A/x]) ⇒
∧

x (x∈ Π̆̊2 → [�A/x])Re 5.26v. This is just 5.26iv, only with �nA being substituted for A.Re 5.26vi. Employ an indution on n, based on 5.26v and 5.26vi.Re 5.26vii. Employ 5.23i:
a∈Π̆̊2 ⇒ a∈Π̆̊2 [A/a], [B/a], a∈Π̆̊2 ⇒ [A � B/a]

==================================================
a∈Π̆̊2 → [A/a], a∈Π̆̊2 → [B/a], a∈Π̆̊2, a∈Π̆̊2, a∈Π̆̊2 ⇒ [A � B/a]
================================================== 5.21ii

a∈Π̆̊2 → [A/a], a∈Π̆̊2 → [B/a], a∈Π̆̊2 ⇒ [A � B/a]
=================================================∧

x (x∈ Π̆̊2 → [A/x]),
∧

x (x∈ Π̆̊2 → [B/x]), a∈Π̆̊2 ⇒ [A � B/a]
∧

x (x∈ Π̆̊2 → [A/x]),
∧

x (x∈ Π̆̊2 → [B/x]) ⇒ a∈Π̆̊2 → [A � B/x]
∧

x (x∈ Π̆̊2 → [A/x]),
∧

x (x∈ Π̆̊2 → [B/x]) ⇒
∧

x (x∈ Π̆̊2 → [A � B/x])Re 5.26viii. Essentially, what has to be shown is that
⇒ [A → B/I] � [A/I] → [B/I], and
�([A → B/a] � [A/a] → [B/a]) ⇒ [A → B/aI2 ] � [A/aI2 ] → [B/aI2 ]
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i
D

Z2l -deduible. The �rst one is ompletely straightforward. As re-gards the seond one, employ 5.23ii and proeed as for 5.26vii:
a∈Π̆̊2 ⇒ a∈Π̆̊2 [A → B/a], [A/a], a∈Π̆̊2 ⇒ [B/a]

===================================================
a∈Π̆̊2 → [A → B/a], a∈Π̆̊2 → [A/a], a∈Π̆̊2, a∈Π̆̊2, a∈Π̆̊2 ⇒ [B/a] 5.21ii

a∈Π̆̊2 → [A → B/a], a∈Π̆̊2 → [A/a], a∈Π̆̊2 ⇒ [B/a]
==================================================∧

x (x∈ Π̆̊2 → [A → B/x]),
∧

x (x∈ Π̆̊2 → [A/x]), a∈ Π̆̊2 ⇒ [B/a]
∧

x (x∈ Π̆̊2 → [A → B/x]),
∧

x (x∈ Π̆̊2 → [A/x]) ⇒ a∈Π̆̊2 → [B/a]
∧

x(x∈ Π̆̊2 → [A→B/x]),
∧

x(x∈ Π̆̊2 → [A/x])⇒
∧

x(x∈ Π̆̊2 → [B/x])Re 5.26ix. Employ 5.19iv and 5.19x;
⇒ I ∈Π̆̊2

⇒ �2 (I ∈Π̆̊2)

c∈Π̆̊2 ⇒ cI2
∈Π̆̊2

�2 (c∈Π̆̊2) ⇒ �2 (cI2
∈ Π̆̊2)

s∈Π̆̊2 ⇒ �2 (s∈Π̆̊2)Re 5.26x. Employ 5.26ix:
s∈Π̆̊2 ⇒

∧
x (x∈Π̆̊2 → [s∈Π̆̊2/x])

s∈Π̆̊2 ⇒ s∈Π̆̊2 → [s∈Π̆̊2/s]

s∈Π̆̊2, s∈Π̆̊2 ⇒ [s∈Π̆̊2/s]

s∈Π̆̊2 ⇒ [s∈Π̆̊2/s] qedProposition 5.27. Inferenes aording to the following shemata are
L
i
D

Z2l -derivable.
⇒ A

⇒ �A
(5.27i)

�nA, Γ ⇒ B

�2 A, Γ ⇒ B
(5.27ii)

�A ⇒ B

�2 A ⇒ �2 B
(5.27iii)

�nA ⇒ B

�2 A ⇒ �2 B
(5.27iv)
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�nΓ ⇒ C

�2 Γ ⇒ �2 C
(5.27v)

Γ ⇒ A

s∈Π̆̊2, �2 Γ ⇒ [A/s]
(5.27vi)Proof. Re 5.27i.

⇒ [A/I]

�[A/c] ⇒ �[A/c]

�[A/c] ⇒ [A/cI2 ]

a∈Π̆̊2 ⇒ [A/a]

⇒ a∈Π̆̊2 → [A/a]

⇒
∧

x (x∈ Π̆̊2 → [A/x])Re 5.27ii�5.27vi. These are all fairly straightforward onsequenes of theresults from 5.26 by means of 5.27i. I only show 5.27iv as an example.Employ 5.26vi and 5.26viii:
�2 A ⇒ �2 �nA

�nA ⇒ B

⇒ �nA → B 5.27i
⇒ �2 (�nA → B) �2 (�nA → B), �2 �nA ⇒ �2 B

♣

�2 �nA ⇒ �2 B
♣ .

�2 A ⇒ �2 B qedRemark 5.28. In view of 5.27ii and 5.27iv above, we an now say �2realizes the intention of . The new symbol is hosen to allow a furtherdevelopment of the hierarhy: �3 , �4 , et., with �1 , of ourse, being �.Proposition 5.29. Sequents aording to the following shemata are
L
i
D

Zl -deduible.
�2 (A ∨ ¬A), �A ⇒ �2 A(5.29i)
�2 (A ∨ ¬A), �2 A → B ⇒ �A → B(5.29ii)
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a∈Π̆̊2 ⇒ a∈Π̆̊2 a∈Π̆̊2, [A ∨ ¬A/a], �A ⇒ [A/a]

a∈Π̆̊2, a∈Π̆̊2, a∈Π̆̊2 → [A ∨ ¬A/a], �A ⇒ [A/a] 5.21ii
a∈Π̆̊2, a∈Π̆̊2 → [A ∨ ¬A/a], �A ⇒ [A/a]

a∈Π̆̊2 → [A ∨ ¬A/a], �A ⇒ a∈Π̆̊2 → [A/a]
∧

x (x∈ Π̆̊2 → [A ∨ ¬A/x]), �A ⇒ a∈Π̆̊2 → [A/a]
.∧

x (x∈ Π̆̊2 → [A ∨ ¬A/x]), �A ⇒
∧

x (x∈ Π̆̊2 → [A/x])Re 5.29ii. As for 134.18ii in [15℄, p. 1833, this is a straightforward onse-quene of the foregoing result, in this ase 5.29i:
�2 (A ∨ ¬A), A ⇒ �2 A B ⇒ B

�2 (A ∨ ¬A), �2 A → B, �A ⇒ B
.

�2 (A ∨ ¬A), �2 A → B ⇒ �A → B qedWith the notion of �2 available, a form of indution with side-w�s,i.e., indution under assumptions, an be established for Π̆̊2-indution,just as in the ase of Π̆̊ and �.Proposition 5.30. Inferenes aording to the following shema are
L
i
D

Z2l -derivable.
Γ ⇒ F[I] �F[a], a∈Π̆̊2, Γ ⇒ F[aI2 ]

s∈Π̆̊2, �2 Γ ⇒ F[s]Proof. Let ξ :≡ lx F[x]. Employ 5.19x:
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s∈Π̆̊2 ⇒ sI2
∈ Π̆̊2

Γ ⇒ F[I ]

Γ ⇒ I ∈ξ

s∈Π̆̊2, [Γ/s] ⇒ [I ∈ξ/s]

�F[a], Γ, s∈Π̆̊2 ⇒ F[aI2 ]
====================
� (a∈ξ), Γ, s∈ Π̆̊2 ⇒ aI2

∈ξ

Γ, s∈ Π̆̊2 ⇒ � (a∈ξ) → (aI2
∈ξ) 5.17iv

s∈Π̆̊2, [Γ/s], [s∈Π̆̊2/s] ⇒ [� (a∈ξ) → (aI2
∈ξ)/s] 5.26x

s∈ Π̆̊2, [Γ/s], s∈Π̆̊2 ⇒ [� (a∈ξ) → (aI2
∈ξ)/s] 5.21ii

s∈ Π̆̊2, [Γ/s] ⇒ [� (a∈ξ) → (aI2
∈ξ)/s]

s∈Π̆̊2, [Γ/s] ⇒
V

z [� (z∈ξ) → (z I2
∈ξ)/s]

s∈Π̆̊2, [Γ/s] ⇒ Pi
2
[s, ξ] s∈ξ ⇒ F[s]

�(s∈Π̆̊2), �[Γ/s], Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s] 5.7i

�(s∈Π̆̊2), [Γ/sI2 ], Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s] 5.26ix

s∈Π̆̊2, [Γ/sI2 ], Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s]

s∈ Π̆̊2, [Γ/sI2 ], �(s∈Z2), Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s]

s∈Π̆̊2, [Γ/sI2 ], �(s∈Z2) � Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s]

s∈Π̆̊2, [Γ/sI2 ], s∈ Π̆̊2 ⇒ F[s]

s∈Π̆̊2, s∈Π̆̊2, s
I2
∈ Π̆̊2 → [Γ/sI2 ], s∈Π̆̊2 ⇒ F[s]

s∈ Π̆̊2, s∈Π̆̊2, �2 Γ, s∈ Π̆̊2 ⇒ F[s]

s∈ Π̆̊2, �2 Γ ⇒ F[s] qedAs in the ase of Π̆̊ , it is useful to introdue some form of an inlusiveversion of Π̆̊2.Definition 5.31. Π̆2 :≡ lx∨
y (�2 (y = x) � y∈Π̆̊2) .Proposition 5.32. Inferenes aording to the following shemata are

L
i
D

Z2l -derivable.
A ⇒ B

s∈Π̆2, [A/s] ⇒ [B/s]
(5.32i)

�A ⇒ B

s∈Π̆2, �[A/s] ⇒ [B/s]
(5.32ii)
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Γ ⇒ B

s∈Π̆2, [Γ/s] ⇒ [B/s]
(5.32iii)Proof. Essentially onsequenes of the orresponding proposition 5.17 forthe exlusive ase. I shall only show 5.32i as an example.Re 5.32i. Employ 5.17ii:

b∈Π̆̊2, [A/b] ⇒ [B/b]
==========================
b = s, b = s, b∈Π̆̊2, [A/s] ⇒ [B/s]

�(b = s), b∈Π̆̊2, [A/s] ⇒ [B/s]

�2 (b = s), b∈Π̆̊2, [A/s] ⇒ [B/s]

�2 (b = s) � b∈Π̆̊2, [A/s] ⇒ [B/s]
∨

y (�2 (y = s) � y∈Π̆̊2), [A/s] ⇒ [B/s]

s∈Π̆2, [A/s] ⇒ [B/s] qedAs in the ase of Π̆, this gives rise to a notion of �weak� impliation.Definition 5.33. A ⊃2 B :≡
∨

x (x∈Π̆2 � ([A/x] → B)) .Proposition 5.34. Inferenes aording to the following shemata are
L
i
D

Zl -deduible.
[A]·n, Γ ⇒ B

Γ ⇒ A ⊃2 B
(5.34i)

�n A, Γ ⇒ B

Γ ⇒ A ⊃2 B
(5.34ii)

Γ ⇒ A Π ⇒ A ⊃2 B

�2 Γ, Π ⇒ B
(5.34iii)

Γ ⇒ A B, Π ⇒ C

A ⊃2 B, �2 Γ, Π ⇒ C
(5.34iv)

(A → B) ⇒ (C1 → (. . . → (Cn → B) . . .))

(A ⊃2 B) ⇒ (C1 ⊃2 (. . . ⊃2 (Cn ⊃2 B) . . .))
(5.34v)

A2, Γ ⇒ A1 B1, �
nA2, Π ⇒ B2

A1 ⊃2 B1, Γ, Π ⇒ A2 ⊃2 B2

(5.34vi)
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B, �nA, Γ ⇒ C

A ⊃2 B, Γ ⇒ A ⊃2 C
(5.34vii)Proof. In view of the similarity to the ase of ⊃ in [15℄, propositions135.17, 135.20 and 135.22, I leave the proof to the reader. qedRemark 5.35. In view of remark 5.24 above, inferenes aording to thefollowing shema

�2 A, Γ ⇒ C

�2 (A ∨ ¬A), A, Γ ⇒ �2 Cannot be expeted to be generally L
i
D

Z2l -derivable.I now turn to the reason why I have gone to all the trouble with thenotion of �2 : nested double indution.Proposition 5.36. Inferenes aording to the following shema are
L
i
D

Z2l -derivable.
Γ, b∈N̊ ⇒ F[0, b]

∧
ẙ F[a, y], Π, a∈N̊ ⇒ F[a′, 0]

∧
ẙ F[a, y], F[a′, b], a∈N̊ , b∈N̊ , Ξ ⇒ F[a′, b′]

s∈N̊ , t∈N̊ , �2 Γ, ��2 Π, ��2 Ξ ⇒ F[s, t]Proof. The inferene marked by ∗1 is somewhat (give or take some weak-enings) aording to 136.11ii, and that marked by ∗2 is aording to136.11iii in [15℄, p. 1863.
Γ, b∈N̊ ⇒ F[0, b]

Γ ⇒
V

ẙ F[0, y]

�2 Γ ⇒ �2
V

ẙ F[0, y]

V

ẙ F[a, y], Π, a∈N̊ ⇒ F[a′, 0]
V

ẙ F[a, y], F[a′, b], a∈N̊, b∈N̊, Ξ ⇒ F[a′, b′]
∗1

�
V

ẙ F[a, y], �Π, �Ξ, c∈N̊ ⇒ F[a′, c]

�
V

ẙ F[a, y], �Π, �Ξ ⇒
V

ẙ F[a′, y]

�2
V

ẙ F[a, y], �2 Π, �2 Ξ ⇒ �2
V

ẙ F[a′, y]
∗2

s∈N̊ , �2 Γ, ��2 Π, ��2 Ξ ⇒ �2
V

ẙ F[s, y]

s∈N̊ , �2 Γ, ��2 Π, ��2 Ξ ⇒
V

ẙ F[s, y]

s∈N̊ , t∈N̊ , �2 Γ, ��2 Π, ��2 Ξ ⇒ F[s, t] qed



160 uwe petersen6. General Corretions17Note. This list does not neessarily over obvious typos or silly little gram-matial mistakes and it is far from being omplete. I you �nd a mistake,please drop me a note at uwe.petersen�asfpg.de, and I promise thatyou will get a mention in the next list.p. 30, line 4: replae �f(z) = y� by �g(z) = y�.p. 45, �rst line: replae �additive numbers� by �prinipal numbers�.� line 16 (Definition 4.26), before �multipliative prinipal number �insert �(2) An ordinal number α is alled a�.p. 65, line 8 from the bottom (Historial note 8.8), replae �Dedekind[1887℄� by �Dedekind [1888℄�.p. 75, line 11 from the bottom, replae �fk(x) = φ(x, k) for all x� by�fk(x) = φ(x, k) + 1 for all x�.p. 131, line 6 from the bottom, replae �C[B]� by �¬C[B]�.� line 5 from the bottom, replae �F[B] → C[B]� by �¬(F[B] → C[B])�.p. 149, last line, replae �¬A� in the inferene rule (⊥C) by �(¬A)�.p. 161, line 7, (16.45v), replae the lower sequent �Γ ⇒ ¬(A → B)� by�Γ ⇒ ∆,¬(A → B)�.p. 182, line 15 from the bottom, delete �lause (ii) of de�nitiom 18.16.�.� line 17 from the bottom, delete �indexset(s)!of w�s!downward satu-rated�.p. 183, line 19 from the bottom, replae �C1 → C2� by �C1 ∧ C2�.p. 189, line 18, replae
“F1[¬U ∨ V,¬(¬U ∨ ¬V )] ∧ . . . ∧ Fk[¬U ∨ V,¬(¬U ∨ ¬V )]′′by
“F1[¬U ∨ V,¬(¬U ∨ V )] ∧ . . . ∧ Fk[¬U ∨ V,¬(¬U ∨ V )]′′ .p. 192, line 14, replae

“Γ [A] ⇒ ∆[A], ∆[A] ∧ C[A]′′ by “Γ [A] ⇒ ∆[A], F[A] ∧ C[A]′′.

17 With speial thanks to Valerie Kerruish who deteted most of the mistakes.



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 161� lines 15 and 20, replae “A ↔ B, Γ [B] ⇒ ∆[B], ∆[B] ∧ C[B]′′ by
“A ↔ B, Γ [B] ⇒ ∆[B], ∆[B] ∧ C[B]′′.p. 197, line 8 from the bottom, delete �indexvariable(s)!sentene�.p. 198, line 2 from the bottom, replae �⊥-inferene� by �⊥C-inferene�.p. 200, the bottom:

······ ···
··
·····

Γ ⇒ A

······ ···
··
·····

A, Π ⇒ B

Π ⇒ A → B
.

Γ, Π ⇒ Binstead of:
······ ··

··
······

Γ ⇒ A

······ ··
··
······

A, Π ⇒ B

Π ⇒ A → B
.

Γ, Π ⇒ Bp. 213, seond line in top proof �gure, right branh, replae �Θ, Γ [ ] ⇒
∆[ ], A, Ξ� by �Θ, B, Π[ ] ⇒ Λ[ ], Ξ�.p. 214, seond line in top proof �gure, left branh, replae �Π, Γ [ ] ⇒
∆[ ], A, K, A ∧ B� by �Π, Γ [ ] ⇒ ∆[ ], A, Λ, A ∧ B�.p. 217, line 1, replae �max(l, m) + 1 + r� by �max(l, m) + 1 + r + 1�.p. 241, line 12 from the bottom, ondition �(vi)�: read �LK

0
0� instead of�GK

0
0�.p. 242, last line, read �Only the seond one� instead of �Only the fourth�.p. 247, line 6, replae �dropping axioms HA13 and HA15� by �replaingaxiom HA13 by ¬¬⊥ → ⊥ and dropping axiom HA15 ompletely�.p. 249, proof �gure �Re 24.7iv�, �rst line: read �A ⇒ A ∨ ¬A� instead of�A ⇒ A ⇒ ¬A�.p. 250, lines 3�6 from the bottom, �(24.11i)�(24.11iv)�, read �a.� insteadof �max�.p. 301, line 13 from the bottom: read �ontraditions� instead of �ontra-tions�.



162 uwe petersenp. 306, line 5: read �marked with the sign ♠� instead of �marked with anexlamation sign�.� line 7 proposition 27.7: read �DSL� instead of �CDL�.p. 307, replae proof �gure in the middle of the page:
A ⇒ A

A ⇒ A

¬A, A ⇒

A → ¬A, A, A ⇒

A → ¬A, A � A ⇒

A ⇒ A

⇒ A,¬A

A → ¬A, A → A � A ⇒ ¬A
.

A → A � A ⇒ (A → ¬A) → ¬Aby:
A ⇒ A

⇒ A,¬A

A ⇒ A

A ⇒ A

¬A, A ⇒

A → ¬A, A, A ⇒

A → ¬A, A � A ⇒

A → ¬A, A → A � A ⇒ ¬A
.

A → A � A ⇒ (A → ¬A) → ¬Ap. 309, seond line: add �logi� after �dialetial�.p. 316, �rst line: anel 27.35viii; already 27.35vi;� seond line: read �(A ⋄ ¬A) ↔ ⊤� instead of �(A ⋄ ¬A) ↔ ⊥�.p. 352, l. 10 from the bottom (Corollary 30.21): read �30.21i� insteadof �30.80�;� l. 11 from the bottom (Corollary 30.21): read �30.21ii� instead of�30.81�;� l. 12 from the bottom: read �30.20i� instead of �30.17i�.p. 460, after the �rst proof �gure, replae: �A new dedution is being on-trated as follows� by : �A new dedution an be onstruted as follows�.p. 466, l. 12 from the bottom, Definition 41.6: swap (1) and (2).p. 468, last three lines: replae Definitions 41.14 by the following:
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∧

z1

∧
z2 (F[z1] � F[z2] → z1 = z2) .(2) ιx F[x] :≡ lx∧

y (uni [F] � F[y] → x∈y) .p. 469, replae Proposition 41.15 by the following:Proposition 41.15. Sequents aording to the following shemata are
LX

−l-deduible for X ∈ {K,J,P,D}.
s∈ιx F[x],

∧
z1

∧
z2 (F[z1] � F[z2] → z1 = z2), F[t] ⇒ s∈t(41.15i)

s∈t, F[t] ⇒ s∈ιx F[x](41.15ii)
∧

z1

∧
z2 (F[z1] � F[z2] → z1 = z2), F[t] ⇒ ιx F[x] = t(41.15iii)Proof. Re 41.15i.

uni [F], F[t] ⇒ uni [F] � F[t] s∈t ⇒ s∈t

uni [F] � F[t] → s∈t, uni [F], F[t] ⇒ s∈t
∧

y (uni [F] � F[y] → s∈y), uni [F], F[t] ⇒ s∈t
.

s∈ιx F[x],
∧

z1

∧
z2 (F[z1] � F[z2] → z1 = z2), F[t] ⇒ s∈tRe 41.15ii.

F[t], F[b] ⇒ F[t] � F[b] b = t, s∈t ⇒ s∈b

s∈t, F[t] � F[b] → b = t, F[t], F[b] ⇒ s∈b
===========================================
s∈t, F[t],

∧
z1

∧
z2 (F[z1] � F[z2] → z1 = z2), F[b] ⇒ s∈b

s∈t, F[t], uni [F], F[b] ⇒ s∈b
======================
s∈t, F[t], uni [F] � F[b] ⇒ s∈b

s∈t, F[t] ⇒ uni [F] � F[b] → s∈b

s∈t, F[t] ⇒
∧

y (uni [F] � F[y] → s∈y)
.

s∈t, F[t] ⇒ s∈ιx F[x]Re 41.15iii. This is a fairly straightforward ombination of 41.15i and ii.Left to the reader. qedp. 484, l. 9 from the bottom �41.57iv�: read �t∈T, s′ = t′, r∈s ⇒ r∈t�instead of �t∈T, s′ = t′, s∈r ⇒ s∈t�.p. 491, �Re 41.72iii�: involves a ut whih doesn't make it suitable for LPl.p. 492, proof �gure �Re 41.74ii�, replae �〈〈s, 0′〉, g(s, 0, f(s))〉∈h� by



164 uwe petersen�〈〈s, 0〉, f(s))〉∈h�p. 495, proof �gure �Re 41.78i�, seond line: add �t∈N, 〈〈s, t〉, r〉� before� ∈h,�� proof �gure �Re 41.79i�, replae lower sequent by
s∈N ⇒ 〈〈s, 0〉, h(s, 0)〉∈h .p. 499, l. 10 from the bottom (in Remark 42.3): replaelx. t ≡ {z :

∨
x

∨
y (z = 〈x, y〉) � y = t} ,by lx. t ≡ {z :

∨
x

∨
y (z = 〈x, y〉 � y = t)} ,� l. 3 from the bottom: replae D by P.p. 502, l. 11 (Definition 42.11. lause (6)) add: �with z being the �rstvariable /∈ FV (AB) �.p. 564, l. 6 from the bottom: �obtained from them� instead of �obtainedform them�.p. 570, l. 6: read �LX

Q
1 -admissible� instead of �HX

Q
1 -admissible�.p. 572, l. 2: �the formal priniples� instead of �the formal priniple�� l. 4: �The remainder of this setion� instead of �The remainder thissetion�p. 574, l. 14 and 15: �∧x F[x]� instead of �∧x [x]�p. 586, l. 4 (proof �gure, seond line): read �b < c, c < a′, b < a → ¬F[b]�instead of �¬F[b])�� last line: replae

¬¬
∨

x F[x] ⇒
∨

y (F[y] ∧
∧

z (z < y → ¬F[z])) .by
¬¬(

∨
x F[x] →

∨
y (F[y] ∧

∧
z (z < y → ¬F[z]))) .p. 605, l. 18 from the bottom (Definition 48.4 (2)): replae �fof (r, s)� by�fof (r)�.p. 607, l. 6 from the bottom (main text): replae �free variables.footnote�by �free variables.� and read the sentene beginning with �Primitive re-ursive funtions� and ending with �variables in PRA.� as a footnote.
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∧

x(F[x]∨¬F[x]) ⇒
∨

e
∧

x((F[x] ↔ φe(x)=1)∧ (φe(x)=0∨φe(x)=1)),instead of
∧

x (F[x] ∨ F[x]) ⇒
∨

e
∧

x ((F ↔ φe(x) = 1) ∧ (φe(x) = 0 ∨ φe(x) = 1)) .p. 739, l. 19 (Quotation 57.27): read �in very few ases or none� insteadof �in very few ases or non�.p. 894, l. 4 from the bottom (footnote 2): replae �Wang [1986℄� by �Wang[1987℄�.p. 1011, l. 8: read �from� instead of �form�.p. 1017, l. 14 from the bottom: read �it follows� instead of �if follows�.p. 1026, l. 13 from the bottom: read �This sounds like� instead of �Thissound like�.p. 1030, l. 16: read �from the value� instead of �form the value�.p. 1081, l. 6, Quotation 76.16. (1), add: �Weyl� before �[1921℄�.p. 1087, l. 23 from the bottom, Quotation 77.8. (1), new paragraph after�meaningless.� and before �In all ontexts . . . �.p. 1087, l. 14 from the bottom, Quotation 77.8. (1), add: �put� before�numerals for the variables in suh a way . . . �.p. 1088, l. 22, Quotation 77.9. replae �ist� by �is�: �orrelate of a sub-lass is that sublass itself�.p. 109, after l. 24 (Quotation 78.12) add line: �expresses a true proposi-tion with respet to every one of these models, we�p. 1099, l. 11 from the bottom: replae �67.20� by �78.17�.p. 1102, l. 13: replae �Wang [1986℄� by �Wang [1987℄�.p. 1104, l. 4 from the bottom: replae �Wang [1986℄� by �Wang [1987℄�.p. 1106, l. 3: replae �Wang [1986℄� by �Wang [1987℄�.p. 1108, l. 16: replae �form� by �from� in Quotation 79.10.p. 1109, l. 1: replae �Wang [1986℄� by �Wang [1987℄�.



166 uwe petersenp. 1126, l. 19: replae �Wang [1986℄� by �Wang [1987℄�.p. 1133, l. 4: replae �Brouwerian� by �Brouwerians�.p. 1158, l. 3 from the bottom: replae �Wang [1986℄� by �Wang [1987℄�.p. 1161, l. 16: replae �Wang [1986℄� by �Wang [1987℄�.p. 1169, l. 4: read �share no �xed point� instead of �share not �xed point�.p. 1185, l. 16 from the bottom (Quotation 85.10 (4)): read�∀x1 . . . ∀xnt(x1, . . . , xn = o)� instead of �∀x1 . . . ∀xn(t = o)�.p. 1207, l. 5: replae �Wang [1986℄� by �Wang [1987℄�.p. 1300, l. 1: read �how many angels� instead of �how man angels�.p. 1303, l. 2: read �d'être for the� instead of �d'être n for the�.� l. 14 from the bottom: read �Gödel� instead of �G"odel�.p. 1307, l. 1: read �amenable� instead of �amendable�.p. 1368, l. 7 from the bottom, �(3) Girard [1995℄�: replae �p. 28� by �p.171�;� l. 4 from the bottom: read �work� instead of �word�;� last line (of text): read �[1982℄� instead of �[1974℄�.p. 1387, l. 8 from the bottom (footnote 11): replae �Wang [1986℄� by�Wang [1987℄�.p. 1412, l. 4: replae �and Wandshneider [1984℄� by �Kesselring [1984℄,and Wandshneider [1991℄�.p. 1546, l. 13 from the bottom: replae ��rijm�zei� by ��rijmht�zei�.p. 1421, l. 9 from the bottom (disregarding footnotes): replae �anientmeans �never�.� by �anient means �ever�, �one�.�p. 1557, l. 6 from the bottom: delete �Take, e.g., tertium non datur fornegated w�s, ¬A ∨¬¬A; this is perfetly provable in intuitionisti logi�.This is utter nonsense and I have no idea what was going on in my mindwhen I wrote it. Perhaps I was thinking of `double negation', ¬¬A → A,whih holds intuitionistially for negated w�s: ¬¬¬A → ¬A. This is whatit an be replaed by: �Take, e.g., the double negation of tertium nondatur, ¬¬(A ∨ ¬A); this is perfetly provable in intuitionisti logi�.p. 1571, l. 2, replae the topmost proof �gure by the following one:
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R∈R ⇒ R∈R

⇒ R∈R, R /∈R

R∈R ⇒ R∈R

R /∈R, R∈R ⇒
∈

R∈R, R∈R ⇒
♠

R∈R ⇒
♣

⇒ R /∈Rand (on the same page), in seond proof �gure, last line, read �R /∈R ⇒�instead of �R∈R ⇒�.p. 1601: replae diagram 116.10 by the following one:meta-theoryprimärkalkülobjet variablesompound w�sompound termsinlusion
//l-abstration //

inlusionOO interpretation
oop. 1621, l. 9 from the bottom: replae �∧ y� by �∧Y �.p. 1630, l. 18: insert �)� before �⇒�; i.e., replae �(F[t2] ∨ ¬F[t2] ⇒� by�(F[t2] ∨ ¬F[t2]) ⇒�.p. 1669: in the proof �gure �Re 123.13ii�, sixth line: replae�l⊤ ⊑

∧
x (F[x] → b̃)� by l⊤ ⊑ l∧

x (F[x] → b̃)�.In remark 123.14, seond line, replae �that� by �than�.p. 1670: in the proof �gure �Re 123.18i� replae �⊥� by �⊤� throughout.In the proof �gure �Re 123.18ii� replae the seond line �A → ã ⇒ B → ã�by �B → ã ⇒ A → ã� and the third C → (A → ã) ⇒ C → (B → ã)� by�C → (B → ã) ⇒ C → (A → ã)�.



168 uwe petersenIn the proof �gure �Re 123.18iii� replae the seond line �A → (C →
ã) ⇒ B → (C → ã)� by �B → (C → ã) ⇒ A → (C → ã)�.p. 1705, (125.12iii): replae

s =̈ t ⇒ lx (ly (y =̈ x) ⊆̈ s) ⊆̈ lx (ly (y =̈ x) ⊆̈ t))by
s ⊆̈ t ⇒ lx (ly (y =̈ x) ⊆̈ s) ⊑ lx (ly (y =̈ x) ⊆̈ t))� Re 125.12iii: Replae proof �gure by:

s ⊆̈ t, ly (y =̈ a) ⊆̈ s ⇒ ly (y =̈ a) ⊆̈ t
.

s ⊆̈ t ⇒ lx (ly (y =̈ x) ⊆̈ s) ⊑ lx (ly (y =̈ x) ⊆̈ t)p. 1706, l. 2, proof of proposition 125.15, replae the whole thing by thefollowing:Proof. By means of ontration it is possible to prove a ontraditionalong similar lines as for 141.11 in the appendix A1, only with somewhatmore rudimentary notions due to the lak of 41.2 (1.2) and (2.3). Take Rto be de�ned as lx ({̈x}̈ ¨6⊆ x) and onsider the following dedutions:
{̈a}̈ ⊆̈ a ⇒ {̈a}̈ ⊆̈ a

⇒ a =̈ a

{̈a}̈ ⊆̈ a ⇒ {̈a}̈ ⊆̈ a

{̈a}̈ ¨6⊆ a, {̈a}̈ ⊆̈ a ⇒

{̈a}̈ ⊆̈ R, {̈a}̈ ⊆̈ a ⇒lx ({̈x}̈ ⊆̈ a) ⊑ lx ({̈x}̈ ⊆̈ R), {̈a}̈ ⊆̈ a, {̈a}̈ ⊆̈ a ⇒ 125.14
a ⊆̈ R, {̈a}̈ ⊆̈ a, {̈a}̈ ⊆̈ a ⇒

a =̈ R, {̈a}̈ ⊆̈ a, {̈a}̈ ⊆̈ a ⇒
♠

a =̈ R, {̈a}̈ ⊆̈ a ⇒

a =̈ R ⇒ {̈a}̈ ¨6⊆ a 125.7i ,
⇒ {̈R}̈ ⊆̈ lx ({̈x}̈ ¨6⊆ x)and also:

a =̈ R ⇒ {̈a}̈ ¨6⊆ a
.

⇒ {̈R}̈ ⊑ lx ({̈x}̈ ¨6⊆ x)
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⇒ {̈R}̈ =̈ {̈R}̈

⇒ {̈R}̈ ⊆̈ R

{̈R}̈ ¨6⊆ R ⇒
.

{̈R}̈ ⊑ R ⇒ qedp. 1729, l. 4 from the bottom: insert round braket after ‖DL:
¬¬(s∈‖lx C[x]‖DL) ⇒ s∈‖lx C[x]‖DL.p. 1737, �rst line: replae �Employ 126.64ii� by �Employ 126.63i�.p. 1759, l. 5, (128.27ii), replae h by f : r1 = s1, r2 = s2, f [[r1, r2]] = t ⇒
f [[s1, s2]] = t.p. 1763, l. 15 from the bottom �128.34ii�: read �⇒ 0∈T� instead of�t∈T, s∈r, r∈t ⇒ s∈t�.p. 1809, l. 16 from the bottom (proof of lemma 132.13, third last line):read �By proposition 126.35� instead of �By proposition 131.22�.p. 1818, l. 7 from the bottom (Proposition 133.8): read �D has the leftrank 1 � instead of �D has the rank 1�.� l. 5 from the bottom: read �If the left rank were� instead of �If therank were�.p. 1823, l. 6 from the bottom, replae

Γ, γ̆[
∧

z (z∈b → zI ∈b)] ⇒ s∈bby
Γ, γ̆[

∧
z (z∈b → zI ∈b)] ⇒ s∈s .� Seond last line, replae

Γ, [
∧

z (z∈b → zI ∈b)]·n ⇒ s∈bby
Γ, [

∧
z (z∈b → zI ∈b)]·n ⇒ s∈c .p. 1824, seond line in the proof of theorem 135.15, replae �δ1 ≥ 0� by�δ1 > 0�.p. 1825, Definition 134.1., replae

Π̆̊ :≡ lx (x∈Z �

∧
y (I ∈y � [

∧
z (z∈y → zI ∈y)/x] → x∈y))
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Π̆̊ :≡ lx (x∈Z �

∧
y ([I ∈y ∧

∧
z (z∈y → zI ∈y)/x] → x∈y)) .p. 1830, �rst line (134.9iv), replae �131.18ii� by �131.18i�.p. 1832, seond last line (134.16iii), replae

L
i
D

Zl ∪ {�(�⊥ → ⊥) → �⊥} ⊢ ⊥�(�⊥ → ⊥) → �⊥by
L
i
D

Zl ∪ {�(�⊥ → ⊥) → �⊥} ⊢ ⊥ .p. 1834, replae last proof �gure on that page (�Re 134.22i.�) by the fol-lowing one:
�Γ ⇒ �C

Γ ⇒ A
=====
C ⇒ A

⇒ C → A

⇒ �(C → A) �(C → A), �C ⇒ �A
♣

�C ⇒ �A
♣ .

�Γ ⇒ �Ap. 1842, third line, replae
[B/s], [A/I ⊓ I] → [B/I], [A/s], [A/I] ⇒ [B/s ⊓ I]by
[B/s], [A/I ⊓ I] → [B/I], [A/I], [A/I] ⇒ [B/s ⊓ I]p. 1848, l. 12 from the bottom, �rst line in the dedution re 135.20vii,replae �A2 ⇒ A1� by �A2, Γ ⇒ A1� and anel �B1, A2, A2, Γ, Π ⇒ B2�ompletley.� l. 11 from the bottom, seond line of that dedution, replae�a∈Π̆, [A2/a] ⇒ [A1/a]� by �a∈Π̆, [A2/a], Γ ⇒ [A1/a]�,and �B1, A2, A2, Γ, Π ⇒ B2� by �B1, A2, A2, Π ⇒ B2�.p. 1886, third line (137.8i), as well as line 10 and 11 (in proof �gure),replae �⇒ zhf [s1, t1, r1]� by �⇒ zhf [s2, t2, r2]�;� fourth line (137.8ii), replae �⇒ shg [s1, t1, r1]� by �⇒ shg [s2, t2, r2]�;p. 1901, sixth line from the bottom, replae �→ y∈T � by �→ y∈T �.



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 171� l. 3 from the bottom, replae �→ T � by �→ y∈T �.p. 1903, �rst line, replae the quanti�er ∨ in the w�
¬

∨
x (ded

L
i
D

Zl (x, pGq) = 0) ↔ Gby the quanti�er ∨ :̊
¬

∨
x̊ (ded

L
i
D

Zl (x, pGq) = 0) ↔ G .p. 1923, seond proof �gure, replae
⇒ CA∈CA

CA∈CA ⇒ A

⇒ CA∈CA → A

CA∈CA ⇒ A
♣ .

⇒ Aby
CA∈CA ⇒ A

⇒ CA∈CA → A

⇒ CA∈CA CA∈CA ⇒ A
♣ .

⇒ Ap. 1925, Re 141.iii and iv, third proof �gure from the top, replae �⇔
K∈lx (∁x /∈x)� by �⇔ K∈lx (∁x∈x)�Referenes[1℄ Paul Benaerraf and Hilary Putnam, editors. Philosophy of Mathe-matis: Seleted Readings. Prentie-Hall, Englewood Cli�s NJ, 1964.[2℄ George Boolos and Rihard Je�rey. Computability and Logi. Cam-bridge University Press, Cambridge, 1974.[3℄ Rihard L. Epstein and Walter Alexandre Carnielli. Computability.Computable Funtions, Logi, and the Foundations of Mathematis.Wadsworth & Brooks and Cole, Pai� Grove, CA, 2000, seondedition, 1989/2000.
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